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Abstract
For each of the 8 symmetry classes of elastic materials, we consider
a homogeneous random field taking values in the fixed point set V of
the corresponding class, that is isotropic with respect to the natural
orthogonal representation of a group lying between the isotropy group
of the class and its normaliser. We find the general form of the correl-
ation tensors of orders 1 and 2 of such a field, and the field’s spectral
expansion.
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1 Introduction
Microstructural randomness is present in just about all solid materials. When
dominant (macroscopic) length scales are large relative to microscales, one
can safely work with deterministic homogeneous continuum models. How-
ever, when the separation of scales does not hold and spatial randomness
needs to be accounted for, various concepts of continuum mechanics need to
be re-examined and new methods developed. This involves: (1) being able to
theoretically model and simulate any such randomness, and (2) using such
results as input into stochastic field equations. In this paper, we work in
the setting of linear elastic random media that are statistically wide-sense
homogeneous and isotropic.
Regarding the modelling motivation (1), two basic issues are considered
in this study: (i) type of anisotropy, and (ii) type of correlation structure.
Now, with reference to Fig. 1 showing a planar Voronoi tessellation of E2
which serves as a planar geometric model of a polycrystal (although the
same arguments apply in E3), each cell may be occupied by a differently
oriented crystal, with all the crystals belonging to any specific crystal class.
The latter include:
• transverse isotropy modelling, say, sedimentary rocks at long wavelengths;
• tetragonal modelling, say, wulfenite (PbMoO4);
• trigonal modelling, say, dolomite (CaMg(CO3)2);
• orthotropic modelling, say wood or orthoclase feldspar;
• triclinic modelling, say, microcline feldspar.
Thus, we need to be able to model rank 4 tensor random fields, point-wise
taking values in any crystal class. While the crystal orientations from grain
3
Figure 1: (a) A realisation of a Voronoi tesselation (or mosaic); (b) placing
a mesoscale window leads, via upscaling, to a mesoscale random continuum
approximation in (c).
to grain are random, in general they are not spatially independent of each
other — the assignment of crystal properties over the tessellation is not white
noise. This is precisely where the two-point characterisation of the random
field of elasticity tensor is needed, so as to account for any mathematically
admissible correlation structures as dictated by the statistically wide-sense
homogeneous and isotropic assumption. A specific correlation can then be
fitted to physical measurements.
Regarding the modelling motivation (1), it may also be of interest to
work with a mesoscale random continuum approximation defined by placing
a mesoscale window at any spatial position as shown in Fig. 1(b). Clearly,
the larger is the mesoscale window, the weaker are the random fluctuations in
the mesoscale elasticity tensor: this is the trend to homogenise the material
when upscaling from a statistical volume element (SVE) to a representative
volume element (RVE), e.g. [30, 32]. A simple paradigm of this upscaling,
albeit only in terms of a scalar random field, is the opacity of a sheet of
paper held against light: the further away is the sheet from our eyes, the
more homogeneous it appears. Similarly, in the case of upscaling of elastic
properties, on any finite scale there is (almost surely) an anisotropy and this
anisotropy, with mesoscale increasing, tends to zero hand-in-hand with the
fluctuations and it is in the infinite mesoscale limit (i.e. RVE) that material
isotropy is obtained as a consequence of the statistical isotropy.
Regarding the motivation (2) of this study, i.e. input of elasticity random
fields into stochastic field equations, there are two principal routes: stochastic
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partial differential equations (SPDE) and stochastic finite elements (SFE).
The classical paradigm of SPDE [22] can be written in terms of the anti-plane
elastostatics (with u ≡ u3):
∇ · (C (x, ω)∇u) = 0, x ∈ E2, ω ∈ Ω (1)
with C (·, ω) being spatial realisations of a scalar RF. In view of the fore-
going discussion, (1) is well justified for a piecewise-constant description of
realisations of a random medium such as a multiphase composite made of
locally isotropic grains. However, in the case of a boundary value problem
set up on coarser (i.e. mesoscales) scales, a rank 2 tensor random field (TRF)
of material properties would be much more appropriate, Fig. 1(b). The field
equation should then read
∇ · (C (x, ω) ·∇u) = 0, x ∈ E2, ω ∈ Ω, (2)
where C is the rank 2 tensor random field. Indeed, this type of upscaling is
sorely needed in the stochastic finite element (SFE) method, where, instead
of assuming the local isotropy of the elasticity tensor for each and every
material volume (and, hence, finite element), full triclinic-type anisotropy is
needed [31].
Moving to the in-plane or 3d elasticity, the starting point is the Navier
equation of motion (written in symbolic and tensor notations)
µ∇2u+ (λ+ µ)∇ (∇ · u) = ρu¨ or µui,jj + (λ+ µ)uj,ji = ρu¨i. (3)
Here u is the displacement field, λ and µ are two Lamé constants, and ρ is the
mass density. This equation is often (e.g. in stochastic wave propagation)
used as an Ansatz, typically with the pair (λ, µ) taken ad hoc as a “vector”
random field with some simple correlation structure for both components.
However, in order to properly introduce the smooth randomness in λ and µ,
one has to go one step back in derivation of (3) and write
µ∇2u+ (λ+ µ)∇ (∇ · u) +∇µ
(
∇u+ (∇u)>
)
+∇λ∇ · u = ρu¨ (4)
or
µui,jj + (λ+ µ)uj,ji +µ,j (uj,i +ui,j ) + λ,i uj,j = ρu¨i.
While two extra terms are now correctly present on the left-hand side, this
equation still suffers from the drawback (just as (1)) of local isotropy so that,
again by micromechanics upscaling arguments, it should be replaced by
∇ · (C∇ · u)> = ρu¨ or (Cijklu(k,l) ) ,j = ρu¨i. (5)
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Here C (= Cijklei ⊗ ej ⊗ ek ⊗ el), which, at any scale finitely larger than the
microstructural scale, is almost surely (a.s.) anisotropic. Clearly, instead of
(4) one should work with the SPDE (5) for u.
While the mathematical theory of SPDEs with anisotropic realisations
is not developed, one powerful way to numerically solve such equations is
through stochastic finite elements (SFE). However, the SFE, just like the
SPDE, require a general representation of the random field C [31], so it can be
fitted to micromechanics upscaling studies, as well as its spectral expansion.
Observe that each and every material volume (and, hence, the finite element)
is an SVE of Fig. 1(b), so that a full triclinic-type anisotropy is needed: all
the entries of the rank 4 stiffness tensor C are non-zero with probability
one. While a micromechanically consistent procedure for upscaling has been
discussed in [35] and references cited there, general forms of the correlation
tensors are sorely needed.
In this paper we develop second-order TRF models of linear hyperelastic
media in each of the eight elasticity classes. That is, for each class, the fourth-
rank elasticity tensor is taken as an isotropic and homogeneous random field
in a three-dimensional Euclidean space, for which the one-point (mean) and
two-point correlation functions need to be explicitly specified. The simplest
case is that of an isotropic class, which implies that two Lamé constants
are random fields. Next, we develop representations of seven higher crys-
tal classes: cubic, transversely isotropic, trigonal, tetragonal, orthotropic,
monoclinic, and triclinic. We also find the general form of field’s spectral
expansion for each of the eight isotropy classes.
2 The formulation of the problem
Let E = E3 be a three-dimensional Euclidean point space, and let V be
the translation space of E with an inner product (·, ·). Following [37], the
elements A of E are called the places in E. The symbol B −A is the vector
in V that translates A into B.
Let B ⊂ E be a deformable body. The strain tensor ε(A), A ∈ B, is a
configuration variable taking values in the symmetric tensor square S2(V ) of
dimension 6. Following [28], we call this space a state tensor space.
The stress tensor σ(A) also takes values in S2(V ). This is a source vari-
able, it describes the source of a field [36].
We work with materials obeying Hooke’s law linking the configuration
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variable ε(A) with the source variable σ(A) by
σ(A) = C(A)ε(A), A ∈ B.
Here the elastic modulus C is a linear map C(A) : S2(V ) → S2(V ). In lin-
earised hyperelasticity, the map C(A) is symmetric, i.e., an element of a
constitutive tensor space V = S2(S2(V )) of dimension 21.
We assume that C(A) is a single realisation of a random field. In other
words, denote byB(V) the σ-field of Borel subsets of V. There is a probability
space (Ω,F,P) and a mapping C : B × Ω → V such that for any A0 ∈ B the
mapping C(A0, ω) : Ω→ V is (F,B(V))-measurable.
Translate the whole body B by a vector x ∈ V . The random fields
C(A + x) and C(A) have the same finite-dimensional distributions. It is
therefore convenient to assume that there is a random field defined on all of
E such that its restriction to B is equal to C(A). For brevity, denote the new
field by the same symbol C(A) (but this time A ∈ E). The random field C(A)
is strictly homogeneous, that is, the random fields C(A + x) and C(A) have
the same finite-dimensional distributions. In other words, for each positive
integer n, for each x ∈ V , and for all distinct places A1, . . . , An ∈ E the
random elements C(A1)⊕· · ·⊕C(An) and C(A1 +x)⊕· · ·⊕C(An +x) of the
direct sum on n copies of the space V have the same probability distribution.
Let K be the material symmetry group of the body B acting in V . The
group K is a subgroup of the orthogonal group O(V ). Fix a place O ∈ B
and identify E with V by the map f that maps A ∈ E to A−O ∈ V . Then
K acts in E and rotates the body B by
g · A = f−1gfA, g ∈ K, A ∈ B.
Let A0 ∈ B. Under the above action of K the point A0 becomes g ·A0. The
random tensor C(A0) becomes S2(S2(g))C(A0). The random fields C(g·A) and
S2(S2(g))C(A) must have the same finite-dimensional distributions, because
g ·A0 is the same material point in a different place. Note that this property
does not depend on a particular choice of the place O, because the field is
strictly homogeneous.
To formalise the non-formal considerations of the above paragraph, note
that the map g 7→ S2(S2(g)) is an orthogonal representation of the group K,
that is, a continuous map from K to the orthogonal group O(V) that respects
the group operations:
S2(S2(g1g2)) = S
2(S2(g1))S
2(S2(g2)), g1, g2 ∈ K.
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Let U be an arbitrary orthogonal representation of the group K in a real
finite-dimensional linear space V with an inner product (·, ·), and let O be
a place in E. A V-valued field C(A) is called strictly isotropic with respect
to O if for any g ∈ K the random fields C(g · A) and U(g)C(A) have the
same finite-dimensional distributions. If in addition the random field C(A) is
strictly homogeneous, then it is strictly isotropic with respect to any place.
Assume that the random field C(A) is second-order, that is
E[‖C(A)‖2] <∞, A ∈ E.
Define the one-point correlation tensor of the field C(x) by
〈C(A)〉 = E[C(A)]
and its two-point correlation tensor by
〈C(A),C(B)〉 = E[(C(A)− 〈C(A)〉)⊗ (C(B)− 〈C(B)〉)].
Assume that the field C(x) is mean-square continuous, that is, its two-point
correlation tensor 〈C(A),C(B)〉 : E×E → V⊗V is a continuous function. If
the field C(A) is strictly homogeneous, then its one-point correlation tensor
is a constant tensor in V, while its two-point correlation tensor is a function
of the vector B − A, i.e., a function on V . Call such a field wide-sense
homogeneous.
Similarly, if the field C(A) is strictly isotropic, then we have
〈C(g · A)〉 = U(g)〈C(A)〉,
〈C(g · A),C(g ·B)〉 = (U ⊗ U)(g)〈C(A),C(B)〉.
Call such a field wide-sense isotropic. In what follows, we consider only
wide-sense homogeneous and isotropic random fields and omit the words
“wide-sense”.
For simplicity, identify the field {C(A) : A ∈ E } defined on E with the
field {C′(x) : x ∈ V } defined by C′(x) = C(O + x). Introduce the Cartesian
coordinate system (x, y, z) in V . Use the introduced system to identify V
with the coordinate space R3 and O(V ) with O(3). The action of O(3) on
R3 is the matrix-vector multiplication.
Forte and Vianello [7] proved the existence of 8 symmetry classes of elasti-
city tensors, or elasticity classes. In other words, consider the action
g · C = S2(S2(g))C
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of the group K = O(3) in the space V = S2(S2(R3)). The symmetry group
of an elasticity tensor C ∈ V is
K(C) = { g ∈ O(V ) : g · C = C }.
Note that the symmetry group K(g · C) is conjugate through g to K(C):
K(g · C) = { ghg−1 : h ∈ K(C) }. (6)
Whenever two bodies can be rotated so that their symmetry groups coincide,
they share the same symmetry class. Mathematically, two elasticity tensors
C1 and C2 are equivalent if and only if there is g ∈ O(3) such that K(C1) =
K(g·C2). In view of (6), C1 and C2 are equivalent if and only if their symmetry
groups are conjugate. The equivalence classes of the above relation are called
the elasticity classes.
The first column of Table 1 adapted from [2], contains the name of an
elasticity class. The second column represents a collection of subgroups H of
O(3) such that H is conjugate to a symmetry group of any elasticity tensor
of the given class. In other words, the above symmetry group lies in the
conjugacy class [H] of the group H. The third column contains the notation
for the normaliser N(H):
N(H) = { g ∈ O(3) : gHg−1 = H }.
Table 1: Elasticity classes
Elasticity class H N(H)
Triclinic Zc2 O(3)
Monoclinic Z2 × Zc2 O(2)× Zc2
Orthotropic D2 × Zc2 O × Zc2
Trigonal D3 × Zc2 D6 × Zc2
Tetragonal D4 × Zc2 D8 × Zc2
Transverse isotropic O(2)× Zc2 O(2)× Zc2
Cubic O × Zc2 O × Zc2
Isotropic O(3) O(3)
Here Zc2 = {I,−I}, where I is the 3×3 identity matrix, Zn is generated by
the rotation about the z-axis with angle 2pi/n, O(2) is generated by rotations
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about the z-axis with angle θ, 0 ≤ θ < 2pi and the rotation about the x-axis
with angle pi, Dn is the dihedral group generated by Zn and the rotation
about the x-axis with angle pi, and O is the octahedral group which fixes an
octahedron. See also [29, Appendix B] for the correspondence between the
above notation and notation of Hermann–Mauguin [19, 25] and Schönfließ
[34].
The importance of the group N(H) can be clarified as follows. Consider
the fixed point set of H:
VH = {C ∈ V : g · C = C for all g ∈ H }.
By [2, Lemma 3.1], if H is the symmetry group of some tensor C ∈ V,
then N(H) is the maximal subgroup of O(3) which leaves VH invariant. In
the language of the representation theory, VH is an invariant subspace of the
representation g 7→ S2(S2(g)) of any group K that lies between H and N(H),
that is, S2(S2(g))C ∈ VH for all g ∈ K and for all C ∈ VH . Denote by U(g)
the restriction of the above representation to VH .
The problem is formulated as follows. For each elasticity class [H] and
for each group K that lies between H and N(H), consider an VH-valued
homogeneous random field C(x) on R3. Assume that C(x) is isotropic with
respect to U :
〈C(gx)〉 = U(g)〈C(x)〉,
〈C(gx),C(gy)〉 = (U ⊗ U)(g)〈C(x),C(y)〉. (7)
We would like to find the general form of the one- and two-point
correlation tensors of such a field and the spectral expansion of the
field itself in terms of stochastic integrals.
To explain what we mean consider the simplest case when the answer is
known. Put K = H = O(3), VH = R1, and U(g) = 1, the trivial repres-
entation of K. Recall that a measure Φ on the σ-field of Borel sets of a
Hausdorff topological space X is called tight if for any Borel set B, Φ(B) is
the supremum of Φ(K) over all compact subsets K of B. A measure Φ is
called locally finite if every point of X has a neighbourhood U for which Φ(U)
is finite. A measure Φ is called a Radon measure if it is tight and locally
finite. In what follows we consider only Radon measures and call them just
measures.
Schoenberg [33] proved that the equation
〈τ(x), τ(y)〉 =
∫ ∞
0
sin(λ‖y − x‖)
λ‖y − x‖ dΦ(λ)
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establishes a one-to-one correspondence between the class of two-point cor-
relation tensors of homogeneous and isotropic random fields τ(x) and the
class of finite measures on [0,∞).
Let L20(Ω) be the Hilbert space of centred complex-valued random vari-
ables with finite variance. Let Z be a L20(Ω)-valued measure on the σ-field
of Borel sets of a Hausdorff topological space X. A measure Φ is called the
control measure for Z, if for any Borel sets B1 and B2 we have
E[Z(B1)Z(B2)] = Φ(B1 ∩B2).
Yaglom [39] and independently M.˘I. Yadrenko in his unpublished PhD thesis
proved that the field τ(x) has the form
τ(ρ, θ, ϕ) = C + pi
√
2
∞∑
`=0
∑`
m=−`
Sm` (θ, ϕ)
∫ ∞
0
J`+1/2(λρ)√
λρ
dZm` (λ),
where C = 〈τ(x)〉 ∈ R1, (ρ, θ, ϕ) are spherical coordinates in R3, Sm` (θ, ϕ)
are real-valued spherical harmonics, J`+1/2(λρ) are the Bessel functions of
the first kind of order `+ 1/2, and Zm` is a sequence of centred uncorrelated
real-valued orthogonal random measures on [0,∞) with the measure Φ as
their common control measure.
Other known results include the case of VH = R3, and U(g) = g. Yaglom
[38] found the general form of the two-point correlation tensor. Malyarenko
and Ostoja-Starzewski [24] found the spectral expansion of the field. In the
same paper, they found both the general form of the two-point correlation
tensor and the spectral expansion of the field for the case of VH = S2(R3),
and U(g) = S2(g). In [23] they solved one of the cases for two-dimensional
elasticity, when V = R2, K = O(2), VH = S2(S2(R2)), and U(g) = S2(S2(g)).
Remark 1. The set of possible values of elasticity tensors is a proper subset of
VH , namely, the intersection of VH with the coneK of symmetric nonnegative
operators in S2(V ). The complete description of homogeneous and isotropic
random fields taking values in VH∩K is not known even in the simplest case,
when VH = R1 and K = [0,∞). It is possible to construct various particular
classes of such random fields using the ideas of Guilleminot and Soize [13,
14, 16, 15, 17]. The advantage of their approach is that the random field
depends on a few real parameters and may be easily simulated and calibrated.
Our approach is based on general spectral expansions, whereby the above
questions become more complicated and will be considered in forthcoming
publications.
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3 A general result
The idea of this Section is as follows. Let V be a finite-dimensional real
linear space, let K be a closed subgroup of the group O(3), and let U be
an orthogonal representation of the group K in the space V. Consider a
homogeneous and isotropic random field C(x), x ∈ R3, and solve the problem
formulated in Section 2. In Section 5, apply general formulae to our cases.
The resulting Theorems 1–16 are particular cases of general Theorem 0.
To obtain general formulae, we describe all homogeneous random fields
taking values in V and throw away non-isotropic ones. The first obstacle here
is as follows. The complete description of such fields is unknown. We use the
following result instead.
Let VC be a complex finite-dimensional linear space with an inner product
(·, ·) that is linear in the second argument, as is usual in physics. Let J be
a real structure on VC, that is, a map J : VC → VC satisfying the following
conditions:
J(αC1 + βC2) = αJ(C1) + βJ(C2),
J(J(C)) = C
for all α, β ∈ C and for all C1, C2 ∈ VC. In other words, J is a multidimen-
sional and coordinate-free generalisation of complex conjugation. The set of
all eigenvectors of J that correspond to eigenvalue 1, constitute a real linear
space, denote it by V. Let H be the real linear space of Hermitian linear
operators in VC. The real structure J induces a linear operator J in H. For
any A ∈ H, the operator JA acts by
(JA)C = J(AC), C ∈ VC.
In coordinates, the operator J is just the transposition of a matrix.
The result by Cramér [5] in coordinate-free form is formulated as follows.
Equation
〈C(x),C(y)〉 =
∫
Rˆ3
ei(p,y−x) dF (p) (8)
establishes a one-to-one correspondence between the class of two-point cor-
relation tensors of homogeneous mean-square continuous VC-valued random
fields C(x) and the class of Radon measures on the σ-field of Borel sets of
the wavenumber domain Rˆ3 tasking values in the set of nonnegative-definite
Hermitian linear operators in VC. For V-valued random fields, there is only
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a necessary condition: if C(x) is V-valued, then the measure F satisfies
F (−B) = JF (B), B ∈ B(Rˆ3),
where −B = {−C : C ∈ B }.
Introduce the trace measure µ by µ(B) = trF (B), B ∈ B(Rˆ3) and
note that F is absolutely continuous with respect to µ. This means that
Equation (8) may be written as
〈C(x),C(y)〉 =
∫
Rˆ3
ei(p,y−x)f(p) dµ(p),
where f(p) is a measurable function on the wavenumber domain taking values
in the set of all nonnegative-definite Hermitian linear operators in VC with
unit trace, that satisfies the following condition
f(−p) = Jf(p). (9)
Using representation theory, it is possible to prove the following. Let C1,
C2 ∈ V. Let L(C1 ⊗ C2) be the operator in H acting on a tensor C ∈ VC by
L(C1 ⊗ C2)C = (JC1,C)C2.
By linearity, this action may be extended to an isomorphism L between
V ⊗ V and H. The orthogonal operators LU ⊗ U(g)L−1, g ∈ K, constitute
an orthogonal representation of the group K in the space H, equivalent to
the tensor square U ⊗ U of the representation U . The operator L is an
intertwining operator between the spaces V ⊗ V and H where equivalent
representations U ⊗U and LU ⊗UL−1 act. In what follows, we are working
only with the latter representation, for simplicity denote it again by U ⊗ U
and note that it acts in the space H by
(U ⊗ U)(g)A = U(g)AU−1(g), A ∈ H.
Denote H+ = LS2(V). In coordinates, it is the subspace of Hermitian matrices
with real-valued matrix entries. If −I ∈ K, then the second equation in (7)
and Equation (9) together are equivalent to the following conditions:
µ(gB) = µ(B), B ∈ B(Rˆ3) (10)
and
f(p) ∈ H+, f(gp) = S2(U(g))f(p). (11)
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The description of all measures µ satisfying Equation (10) is well known,
see [3]. There are finitely many, say M , orbit types for the action of K in Rˆ3
by
(gp,x) = (p, g−1x).
Denote by (Rˆ3/K)m, 0 ≤ m ≤M − 1 the set of all orbits of the mth type. It
is known, see [2], that all the above sets are manifolds. Assume for simplicity
of notation that there are charts λm such that the domain of λm is dense in
(Rˆ3/K)m. The orbit of the mth type is the manifold K/Hm, where Hm is a
stationary subgroup of a point on the orbit. Assume that the domain of a
chart ϕm is a dense set in K/Hm, and let dϕm be the unique probabilistic
K-invariant measure on the σ-field of Borel sets of K/Hm. There are the
unique measures Φm on the σ-fields of Borel sets in (Rˆ3/K)m such that∫
Rˆ3
ei(p,y−x)f(p) dµ(p) =
M−1∑
m=0
∫
(Rˆ3/K)m
∫
K/Hm
ei((λm,ϕm),y−x)f(λm,ϕm) dϕm dΦm(λm).
To find all functions f satisfying Equation (11), proceed as follows. Fix
an orbit λm and denote by ϕ0m the coordinates of the intersection of the orbit
λm with the set (Rˆ3/K)m. Let Um be the restriction of the representation
S2(U) to the group Hm. We have g(λm,ϕ0m) = (λm,ϕ0m) for all g ∈ Hm,
because Hm is the stationary subgroup of the point (λm,ϕ0m). For g ∈ Hm,
Equation (11) becomes
f(λm,ϕ
0
m) = U
m(g)f(λm,ϕ
0
m). (12)
Any orthogonal representation of a compact topological group in a space
H has at least two invariant subspaces: {0} and H. The representation is
called irreducible if no other invariant subspaces exist. The space of any
finite-dimensional orthogonal representation of a compact topological group
can be uniquely decomposed into a direct sum of isotypic subspaces. Each
isotypic subspace is the direct sum of finitely many subspaces where the cop-
ies of the same irreducible representation act. Equation (12) means that the
operator f(λm,ϕ0m) lies in the isotypic subspace Hm which corresponds to the
trivial representation of the group Hm. The intersection of this subspace with
the convex compact set of all nonnegative-definite operators in H+ with unit
trace is again a convex compact set, call it Cm. As λm runs over (Rˆ3/K)m,
f(λm,ϕ
0
m) becomes an arbitrary measurable function taking values in Cm.
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An irreducible orthogonal representation of the group K is called a rep-
resentation of class 1 with respect to the group Hm if the restriction of this
representation to Hm contains at least one copy of the trivial representa-
tion of Hm. Let S2(U)m be the restriction of the representation S2(U) to
the direct sum of the isotypic subspaces of the irreducible representation of
class 1 with respect to Hm. Let gϕm be an arbitrary element of K such that
gϕm(ϕ
0
m) = ϕm. Two such elements differ by an element of Hm, therefore
the second equation in (11) becomes
f(λm,ϕm) = S
2(U(gϕm))mf(λm,ϕ
0
m).
The two-point correlation tensor of the field takes the form
〈C(x),C(y)〉 =
M−1∑
m=0
∫
(Rˆ3/K)m
∫
K/Hm
ei(gϕm (λm,ϕ
0
m),y−x)S2(U(gϕm))m
× f(λm,ϕ0m) dϕm dΦm(λm).
(13)
Choose an orthonormal basis T1, . . . , TdimV in the space V. The tensor
square V ⊗ V has several orthonormal bases. The coupled basis consists of
tensor products Ti⊗Tj, 1 ≤ i, j ≤ dim V. The mth uncoupled basis is build
as follows. Let Um,1, . . . , Um,km be all non-equivalent irreducible orthogonal
representations of the group K of class 1 with respect to Hm such that the
representation S2(U) contains isotypic subspaces where cmk copies of the
representation Um,k act, and let the restriction of the representation Um,k
to Hm contains dmk copies of the trivial representation of Hm. Let Tmkln,
1 ≤ l ≤ dmk, 1 ≤ n ≤ cmk be an orthonormal basis in the space where the
nth copy act. Complete the above basis to the basis Tmkln, 1 ≤ l ≤ dimUm,k
and call this basis the mth uncoupled basis. The vectors of the coupled basis
are linear combinations of the vectors of the mth uncoupled basis:
Ti ⊗ Tj =
km∑
k=1
dimUm,k∑
l=1
cmk∑
n=1
cmklnij T
mkln + · · · ,
where dots denote the terms that include the tensors in the basis of the space
S2(V)	S2(V)m. In the introduced coordinates, Equation (13) takes the form
〈C(x),C(y)〉ij =
M−1∑
m=0
km∑
k=1
dimUm,k∑
l=1
dmk∑
l′=1
cmk∑
n=1
cmklnij
∫
(Rˆ3/K)m
∫
K/Hm
ei(gϕm (λm,ϕ
0
m),y−x)
× Um,kll′ (ϕm)fl′n(λm,ϕ0m) dϕm dΦm(λm).
(14)
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The choice of bases inside the isotypic subspaces is not unique. One has to
choose them in such a way that calculation of the transition coefficients cmklnij
is as easy as possible.
To calculate the inner integrals, we proceed as follows. Consider the
action of K on R3 by matrix-vector multiplication. Let (R3/K)m, 0 ≤ m ≤
M − 1 be the set of all orbits of the mth type. Let ρm be such a chart that
its domain is dense in (R3/K)m. Let ψm be a chart in K/Hm with a dense
domain, and let dψm be the unique probabilistic K-invariant measure on the
σ-field of Borel sets of K/Hm. It is known that the sets of orbits of one of
the types, say (Rˆ3/K)M−1 (resp. (R3/K)M−1), are dense in Rˆ3 (resp. R3).
Write the plane wave ei(gϕM−1 (λM−1,ϕ
0
M−1),y−x) as
ei(gϕM−1 (λM−1,ϕ
0
M−1),y−x) = ei(gϕM−1 (λM−1,ϕ
0
M−1),gψM−1 (ρM−1,ψ
0
M−1)),
and consider the plane wave as a function of two variables ϕM−1 and ψM−1
with domain (K/HM−1)2. This function is K-invariant:
ei(ggϕM−1 (λM−1,ϕ
0
M−1),ggψM−1 (ρM−1,ψ
0
M−1)) = ei(gϕM−1 (λM−1,ϕ
0
M−1),gψM−1 (ρM−1,ψ
0
M−1)), g ∈ K.
Denote by KˆHM−1 the set of all equivalence classes of irreducible represent-
ations of K of class 1 with respect to HM−1, and let the restriction of the
representation U q ∈ KˆHM−1 to HM−1 contains dq copies of the trivial rep-
resentation of HM−1. By the Fine Structure Theorem [20], there are some
numbers d′q ≤ dq such that the set
{ dimU q · U qll′(ϕM−1)U qll′(ψM−1) : U q ∈ KˆHM−1 , 1 ≤ l ≤ dimU q, 1 ≤ l′ ≤ d′q }
is the orthonormal basis in the Hilbert space L2((K/HM−1)2, dϕM−1 dψM−1).
Let
jqll′(λM−1,ρM−1) = dimU
q
∫
(K/HM−1)2
ei(gϕM−1 (λM−1,ϕ
0
M−1),gψM−1 (ρM−1,ψ
0
M−1))
× U qll′(ϕM−1)U qll′(ψM−1) dϕM−1 dψM−1
(15)
be the corresponding Fourier coefficients. The uniformly convergent Fourier
expansion takes the form
ei(gϕM−1 (λM−1,ϕ
0
M−1),gψM−1 (ρM−1,ψ
0
M−1)) =
∑
Uq∈KˆHM−1
dimUq∑
l=1
d′q∑
l′=1
dimU q
× jqll′(λM−1,ρM−1)U qll′(ϕM−1)U qll′(ψM−1).
(16)
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This expansion is defined on the dense set
(Rˆ3/K)M−1 × (K/HM−1)× (R3/K)M−1 × (K/HM−1)
and may be extended to all of Rˆ3 × R3 by continuity. Substituting the
extended expansion to Equation (14), we obtain the expansion
〈C(x),C(y)〉ij =
M−1∑
m=0
km∑
k=1
dimUm,k∑
l=1
d′mk∑
l′=1
cmk∑
n=1
cmklnij
∫
(Rˆ3/K)m
jqll′(λm,ρ0)
× Um,kll′ (ψm)fl′n(λm,ϕ0m) dΦm(λm).
(17)
Theorem 0. Let −I ∈ K. The one-point correlation tensor of a homo-
geneous and (K,U)-isotropic random field lies in the space of the isotypic
component of the representation U that corresponds to the trivial representa-
tion of K and is equal to 0 if no such isotypic component exists. Its two-point
correlation tensor is given by Equation (17).
Remark 2. The results by [23, 24, 33, 38, 39] as well as Theorems 1–16 below
are particular cases of Theorem 0. The expansion (17) is the first necessary
step in studying random fields connected to Hooke’s law.
Later we will see that it is easy to write the spectral expansion of the field
directly if the group K is finite. Otherwise, we write the Fourier expansion
(16) for plane waves ei(p,y) and e−i(p,x) separately and substitute both expan-
sions to Equation (14). As a result, we obtain the expansion of the two-point
correlation tensor of the field in the form
〈C(x),C(y)〉ij =
∫
Λ
u(x, λ)u(y, λ) dΦij(λ),
where Λ is a set, and where F is a measure on a σ-field L of subsets of Λ
taking values in the set of Hermitian nonnegative-definite operators on VC.
Moreover, the set {u(x, λ) : x ∈ R3 } is total in the Hilbert space L2(Λ,Φ)
of the measurable complex-valued functions on Λ that are square-integrable
with respect to the measure Φ, that is, the set of finite linear combinations∑
cnu(xn, λ) is dense in the above space. By Karhunen’s theorem [21], the
field C(x) has the following spectral expansion:
C(x) = E[C(0)] +
∫
Λ
u(x, λ) dZ(λ), (18)
17
where Z is a measure on the measurable space (Λ,L) taking values in the
Hilbert space of random tensors Z : Ω→ VC with E[Z] = 0 and E[‖Z‖2] <∞.
The measure F is the control measure of the measure Z, i.e.,
E[JZ(A)Z>(B)] = Φ(A ∩B), A,B ∈ L.
The components of the random tensor Z(A) are correlated, which creates
difficulties when one tries to use Equation (18) for computer simulation. It
is possible to use Cholesky decomposition and to write the expansion of the
field using uncorrelated random measures, see details in [24].
4 Preliminary calculations
The possibilities for the group K are as follows. In the triclinic class, there
exist infinitely many groups between Zc2 and O(3), we put K1 = Zc2 and
K2 = O(3). Similarly, for the monoclinic class put K3 = Z2 × Zc2 and
K4 = O(2)×Zc2. The possibilities for the orthotropic class are K5 = D2×Zc2,
K6 = D4×Zc2, K7 = D6×Zc2, K8 = T ×Zc2, and K9 = O×Zc2. Here T is the
tetrahedral group which fixes a tetrahedron. In the trigonal class, we have
K10 = D3 × Zc2 and K11 = D6 × Zc2. In the tetragonal class, the possibilities
are K12 = D4 × Zc2 and K13 = D8 × Zc2. In the three remaining classes,
the possibilities are K14 = O(2)× Zc2, K15 = O × Zc2, and K16 = O(3). The
intermediate groups were determined using [4, Vol. 1, Fig. 10.1.3.2]. For each
group Ki, 1 ≤ i ≤ 16, we formulate Theorem number i below.
4.1 The structure of the representation U
The notation for irreducible orthogonal representation is as follows. If Ki is
a finite group, we use the Mulliken notation [26], see also [1, Chapter 14]
to denote the irreducible unitary representation of Ki. For an irreducible
orthogonal representation, consider its complexification. A standard result
of representation theory, see, for example, [6, Proposition 4.8.4], states that
there are three possibilities:
• The complexification is irreducible, say U . Then, it is a sum of two
equivalent orthogonal representations, and we denote each of them by
U .
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• The complexification is a direct sum of two mutually conjugate repres-
entation U1 and U2, that is, U2(g) = U1(g). We denote the orthogonal
representation by U1 ⊕ U2.
• The complexification is a direct sum of two copies of an irreducible
representation U . We denote the orthogonal representation by U ⊕ U .
For infinite groups, the notation is as follows. For K2 = O(3), we denote
the representations by U `g (the tensor product of the representation U ` of
the group SO(3) and the trivial representation Ag of Zc2) and U `u (that of
U ` and the nontrivial representation Au of Zc2). For K4 = K14 = O(2)× Zc2
the notation is U0gg = U0g ⊗ Ag, U0gu = U0g ⊗ Au, U0ug = U0u ⊗ Ag,
U0uu = U0u⊗Au, U `g = U `⊗Ag, and U `u = U `⊗Au, where U0g is the trivial
representation of O(2), U0u(g) = det g, and
U `
((
cos(ϕ) sin(ϕ)
− sin(ϕ) cos(ϕ)
))
=
(
cos(`ϕ) sin(`ϕ)
− sin(`ϕ) cos(`ϕ)
)
,
U `
((
cos(ϕ) sin(ϕ)
sin(ϕ) − cos(ϕ)
))
=
(
cos(`ϕ) sin(`ϕ)
sin(`ϕ) − cos(`ϕ)
)
.
Fist, we determine the structure of the representation g 7→ g of the group
Ki. For finite groups, the above structure is given in Table n.10 in [1], where
n in the number given in the second column of Table 2. For K2 and K16, this
representation is U1u, for K4 and K14 it is U1u ⊕ U0uu. Then we determine
the structure of the representations S2(g) and S2(S2(g)). For finite groups,
we use Table n.8. For infinite groups, we use the following multiplication
rules. The product of two isomorphic irreducible representations of Zc2 is Ag,
that of two different representations is Au. For SO(3), we have
U `1 ⊗ U `2 =
`1+`2∑
`=|`1−`2|
⊕U `.
For O(2), we have U `⊗U ` = U2`⊕U0g⊕U0u and U `1⊗U `2 = U `1+`2⊕U |`1−`2|
for `2 6= `1.
If Ki = H, then the space V is spanned by the spaces of the copies
of all trivial representations of Ki that belong to S2(S2(g)). This gives us
a method for calculation of the dimension dim V alternative to that in [2].
Otherwise, it is spanned by the spaces of all irreducible representations of
Ki that contain at least one copy of the trivial representation of H. To
determine such representations, we use Table n.9.
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Table 2: The structure of the representation U
Ki Table number The structure of U
K1 = Z
c
2 11 21Ag
K2 = O(3) − 2U0g ⊕ 2U2g ⊕ U4g
K3 = Z2 × Zc2 60 13Ag
K4 = O(2)× Zc2 − 5U0gg ⊕ 3U2g ⊕ U4g
K5 = D2 × Zc2 31 9Ag
K6 = D4 × Zc2 33 6A1g ⊕ 3B1g
K7 = D6 × Zc2 35 5A1g ⊕ 2E2g
K8 = T × Zc2 72 3Ag ⊕ 3(1Eg ⊕ 2Eg)
K9 = O × Zc2 71 3A1g ⊕ 3Eg
K10 = D3 × Zc2 42 6A1g
K11 = D6 × Zc2 35 5A1g ⊕B1g
K12 = D4 × Zc2 33 6A1g
K13 = D8 × Zc2 37 5A1g ⊕B2g
K14 = O(2)× Zc2 − 5U0gg
K15 = O × Zc2 71 3A1g
K16 = O(3) − 2U0g
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4.2 The basis of the space VH for different groups
We start from the basis for K2. Gordienko [12] proposed a basis {hm` : − ` ≤
m ≤ ` } in the space of the irreducible representation U ` of the group SO(3) in
which all matrix entries of the representation’s matrices become real-valued
functions. Godunov and Cordienko [10] found the coefficients gm[m1,m2]`[`1,`2] of
the expansion
hm1`1 ⊗ hm2`2 =
`1+`2∑
`=|`1−`2|
∑`
m=−`
g
m[m1,m2]
`[`1,`2]
hm` .
We call them the Godunov–Gordienko coefficients. Malyarenko and Ostoja-
Starzewski [24] calculated the tensors of the basis of the 21-dimensional space
S2(S2(R3)) for the group K2 in terms of the above coefficients. Using MAT-
LAB Symbolic Math Toolbox, we calculate the elements of the bases for the
groups K1, K3–K16 as linear combinations of the tensors of the basis for the
group K2, see Table 3.
Table 3: The basis of the space VH for different groups
Ki Tensor Value
K1 Zc2T
Ag ,1,1
ijkl
1
3
TU
0g ,1,1
ijkl +
2
3
√
5
TU
0g ,2,1
ijkl +
2
3
TU
2g ,1,0
ijkl +
2
√
2
3
√
7
TU
2g ,2,0
ijkl +
2
√
2√
35
TU
4g ,1,0
ijkl
K1 Zc2T
Ag ,2,1
ijkl
1
3
TU
0g ,1,1
ijkl +
2
3
√
5
TU
0g ,2,1
ijkl − 13TU
2g ,1,0
ijkl +
1√
3
TU
2g ,1,2
ijkl −
√
2
3
√
7
TU
2g ,2,0
ijkl
+
√
2√
21
TU
2g ,2,2
ijkl +
3
2
√
70
TU
4g ,1,0
ijkl − 1√14T
U4g ,1,2
ijkl − 12√2T
U4g ,1,4
ijkl
K1 Zc2T
Ag ,3,1
ijkl
1
3
TU
0g ,1,1
ijkl +
2
3
√
5
TU
0g ,2,1
ijkl − 13TU
2g ,1,0
ijkl − 1√3T
U2g ,1,2
ijkl −
√
2
3
√
7
TU
2g ,2,0
ijkl
−
√
2√
21
TU
2g ,2,2
ijkl − 32√70T
U4g ,1,0
ijkl +
1√
14
TU
4g ,1,2
ijkl − 12√2T
U4g ,1,4
ijkl
K1 Zc2T
Ag ,4,1
ijkl
1√
5
TU
0g ,2,1
ijkl −
√
2√
7
TU
2g ,2,0
ijkl +
1√
70
TU
4g ,1,0
ijkl +
1√
2
TU
4g ,1,4
ijkl
K1 Zc2T
Ag ,5,1
ijkl
1√
5
TU
0g ,2,1
ijkl +
√
2√
7
TU
2g ,2,0
ijkl +
√
3√
7
TU
2g ,2,2
ijkl − 2
√
2√
35
TU
4g ,1,0
ijkl +
√
2√
7
TU
4g ,1,2
ijkl
K1 Zc2T
Ag ,6,1
ijkl
1√
5
TU
0g ,2,1
ijkl +
√
2√
7
TU
2g ,2,0
ijkl −
√
3√
7
TU
2g ,2,2
ijkl − 2
√
2√
35
TU
4g ,1,0
ijkl −
√
2√
7
TU
4g ,1,2
ijkl
K1 Zc2T
Ag ,7,1
ijkl
√
2
3
TU
0g ,1,1
ijkl −
√
2
3
√
5
TU
0g ,2,1
ijkl +
1
3
√
2
TU
2g ,1,0
ijkl +
1√
6
TU
2g ,1,2
ijkl − 23√7T
U2g ,2,0
ijkl
− 2√
21
TU
2g ,2,2
ijkl − 2√35T
U4g ,1,0
ijkl +
1√
7
TU
4g ,1,2
ijkl
K1 Zc2T
Ag ,8,1
ijkl
√
2
3
TU
0g ,1,1
ijkl −
√
2
3
√
5
TU
0g ,2,1
ijkl −
√
2
3
TU
2g ,1,0
ijkl +
4
3
√
7
TU
2g ,2,0
ijkl +
1
2
√
35
TU
4g ,1,0
ijkl
+1
2
TU
4g ,1,4
ijkl
K1 Zc2T
Ag ,9,1
ijkl − 1√3T
U2g ,1,−2
ijkl −
√
2√
21
TU
2g ,2,−2
ijkl − 1√2T
U4g ,1,−4
ijkl +
1√
14
TU
4g ,1,−2
ijkl
K1 Zc2T
Ag ,10,1
ijkl −
√
3√
7
TU
2g ,1,−2
ijkl − 2√7T
U4g ,1,−2
ijkl
Continued at next page
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Table 3: continued
1 2 3
K1 Zc2T
Ag ,11,1
ijkl
√
2
3
TU
0g ,1,1
ijkl −
√
2
3
√
5
TU
0g ,2,1
ijkl +
1
3
√
2
TU
2g ,1,0
ijkl − 1√6T
U2g ,1,2
ijkl − 23√7T
U2g ,2,0
ijkl
+ 2√
21
TU
2g ,2,2
ijkl − 2√35T
U4g ,1,0
ijkl − 1√7T
U4g ,1,2
ijkl
K1 Zc2T
Ag ,12,1
ijkl − 1√3T
U2g ,1,−2
ijkl −
√
2√
21
TU
2g ,2,−2
ijkl +
1√
2
TU
4g ,1,−4
ijkl +
1√
14
TU
4g ,1,−2
ijkl
K1 Zc2T
Ag ,13,1
ijkl − 1√3T
U2g ,1,−2
ijkl +
2
√
2√
21
TU
2g ,2,−2
ijkl −
√
2√
7
TU
4g ,1,−2
ijkl
K1 Zc2T
Ag ,14,1
ijkl
1√
3
TU
2g ,1,−1
ijkl +
√
2√
21
TU
2g ,2,−1
ijkl +
√
2√
7
TU
4g ,1,−1
ijkl
K1 Zc2T
Ag ,15,1
ijkl
1√
3
TU
2g ,1,1
ijkl +
√
2√
21
TU
2g ,2,1
ijkl +
√
2√
7
TU
4g ,1,1
ijkl
K1 Zc2T
Ag ,16,1
ijkl
1√
3
TU
2g ,1,−1
ijkl +
√
2√
21
TU
2g ,2,−1
ijkl − 12TU
4g ,1,−3
ijkl − 32√7T
U4g ,1,−1
ijkl
K1 Zc2T
Ag ,17,1
ijkl
1√
3
TU
2g ,1,1
ijkl − 2
√
2√
21
TU
2g ,2,1
ijkl − 12√7T
U4g ,1,1
ijkl − 12TU
4g ,1,3
ijkl
K1 Zc2T
Ag ,18,1
ijkl
1√
3
TU
2g ,1,−1
ijkl +
√
2√
21
TU
2g ,2,−1
ijkl − 12TU
4g ,1,−3
ijkl − 32√7T
U4g ,1,−1
ijkl
K1 Zc2T
Ag ,19,1
ijkl
1√
3
TU
2g ,1,1
ijkl +
√
2√
21
TU
2g ,2,1
ijkl − 32√7T
U4g ,1,−1
ijkl +
1
2
TU
4g ,1,3
ijkl
K1 Zc2T
Ag ,20,1
ijkl
√
3√
7
TU
2g ,2,1
ijkl − 1√14T
U4g ,1,1
ijkl − 1√2T
U4g ,1,3
ijkl
K1 Zc2T
Ag ,21,1
ijkl
√
3√
7
TU
2g ,2,−1
ijkl +
1√
2
TU
4g ,1,−3
ijkl − 1√14T
U4g ,1,−1
ijkl
K2 T
U0g ,1,1
ijkl
1
3
δijδkl
K2 T
U0g ,2,1
ijkl
1√
5
∑2
m=−2 g
m[i,j]
2[1,1] g
m[k,l]
2[1,1]
K2 T
U2g ,1,q′
ijkl
1√
6
(δijg
q′[k,l]
2[1,1] + δklg
q′[i,j]
2[1,1] )
K2 T
U2g ,2,q′
ijkl
∑2
m,n=−2 g
q′[m,n]
2[2,2] g
m[i,j]
2[1,1] g
n[k,l]
2[1,1]
K2 T
U4g ,1,q′
ijkl
∑2
m,n=−2 g
q′[m,n]
4[2,2] g
m[i,j]
2[1,1] g
n[k,l]
2[1,1]
K3 Z2×Zc2T
Ag ,1,1
ijkl
1
3
TU
0g ,1,1
ijkl +
2
3
√
5
TU
0g ,2,1
ijkl − 13TU
2g ,1,0
ijkl +
1√
3
TU
2g ,1,2
ijkl −
√
2
3
√
7
TU
2g ,2,0
ijkl
+
√
2√
21
TU
2g ,2,2
ijkl +
3
2
√
70
TU
4g ,1,0
ijkl − 1√14T
U4g ,1,2
ijkl − 12√2T
U4g ,1,4
ijkl
K3 Z2×Zc2T
Ag ,2,1
ijkl
1
3
TU
0g ,1,1
ijkl +
2
3
√
5
TU
0g ,2,1
ijkl +
2
3
TU
2g ,1,0
ijkl +
2
√
2
3
√
7
TU
2g ,2,0
ijkl +
2
√
2√
35
TU
4g ,1,0
ijkl
K3 Z2×Zc2T
Ag ,3,1
ijkl
1
3
TU
0g ,1,1
ijkl +
2
3
√
5
TU
0g ,2,1
ijkl − 13TU
2g ,1,0
ijkl − 1√3T
U2g ,1,2
ijkl −
√
2
3
√
7
TU
2g ,2,0
ijkl
−
√
2√
21
TU
2g ,2,2
ijkl +
3
2
√
70
TU
4g ,1,0
ijkl +
1√
14
TU
4g ,1,2
ijkl − 12√2T
U4g ,1,4
ijkl
K3 Z2×Zc2T
Ag ,4,1
ijkl
1√
5
TU
0g ,2,1
ijkl −
√
2√
7
TU
2g ,2,0
ijkl +
1√
70
TU
4g ,1,0
ijkl +
1√
2
TU
4g ,1,4
ijkl
K3 Z2×Zc2T
Ag ,5,1
ijkl
1√
5
TU
0g ,2,1
ijkl +
1√
14
TU
2g ,2,0
ijkl +
√
3√
14
TU
2g ,2,2
ijkl − 2
√
2√
35
TU
4g ,1,0
ijkl +
√
2√
7
TU
4g ,1,2
ijkl
K3 Z2×Zc2T
Ag ,6,1
ijkl
1√
5
TU
0g ,2,1
ijkl +
1√
14
TU
2g ,2,0
ijkl −
√
3√
14
TU
2g ,2,2
ijkl − 2
√
2√
35
TU
4g ,1,0
ijkl −
√
2√
7
TU
4g ,1,2
ijkl
K3 Z2×Zc2T
Ag ,7,1
ijkl
√
2
3
TU
0g ,1,1
ijkl −
√
2
3
√
5
TU
0g ,2,1
ijkl +
1
3
√
2
TU
2g ,1,0
ijkl +
1√
6
TU
2g ,1,2
ijkl − 23√7T
U2g ,2,0
ijkl
− 2√
21
TU
2g ,2,2
ijkl − 2√35T
U4g ,1,0
ijkl +
1√
7
TU
4g ,1,2
ijkl
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K3 Z2×Zc2T
Ag ,8,1
ijkl
√
2
3
TU
0g ,1,1
ijkl −
√
2
3
√
5
TU
0g ,2,1
ijkl −
√
2
3
TU
2g ,1,0
ijkl +
4
3
√
7
TU
2g ,2,0
ijkl +
1
2
√
35
TU
4g ,1,0
ijkl
+1
2
TU
4g ,1,4
ijkl
K3 Z2×Zc2T
Ag ,9,1
ijkl − 1√3T
U2g ,1,−2
ijkl −
√
2√
21
TU
2g ,2,−2
ijkl +
1√
2
TU
4g ,1,−4
ijkl +
1√
14
TU
4g ,1,−2
ijkl
K3 Z2×Zc2T
Ag ,10,1
ijkl
√
2
3
TU
0g ,1,1
ijkl −
√
2
3
√
5
TU
0g ,2,1
ijkl +
1
3
√
2
TU
2g ,1,0
ijkl − 1√6T
U2g ,1,2
ijkl − 23√7T
U2g ,2,0
ijkl
+ 2√
21
TU
2g ,2,2
ijkl − 2√35T
U4g ,1,0
ijkl − 1√7T
U4g ,1,2
ijkl
K3 Z2×Zc2T
Ag ,11,1
ijkl − 1√3T
U2g ,1,−2
ijkl +
2
√
2√
21
TU
2g ,2,−2
ijkl −
√
2√
7
TU
4g ,1,−2
ijkl
K3 Z2×Zc2T
Ag ,12,1
ijkl − 1√3T
U2g ,1,−2
ijkl −
√
2√
21
TU
2g ,2,−2
ijkl − 1√2T
U4g ,1,−4
ijkl +
1√
14
TU
4g ,1,−2
ijkl
K3 Z2×Zc2T
Ag ,13,1
ijkl −
√
3√
7
TU
2g ,1,−2
ijkl − 2√7T
U4g ,1,−2
ijkl
K4 O(2)×Zc2T
U0gg ,1,1
ijkl
1
3
TU
0g ,1,1
ijkl +
2
3
√
5
TU
0g ,2,1
ijkl +
2
3
TU
2g ,1,0
ijkl +
2
√
2
3
√
7
TU
2g ,2,0
ijkl +
2
√
2√
35
TU
4g ,1,0
ijkl
K4 O(2)×Zc2T
U0gg ,2,1
ijkl
2
3
TU
0g ,1,1
ijkl +
1
3
√
5
TU
0g ,2,1
ijkl − 23TU
2g ,1,0
ijkl +
√
2
3
√
7
TU
2g ,2,0
ijkl +
√
2√
35
TU
4g ,1,0
ijkl
K4 O(2)×Zc2T
U0gg ,3,1
ijkl
√
2√
5
TU
0g ,2,1
ijkl +
1√
7
TU
2g ,2,0
ijkl − 4√35T
U4g ,1,0
ijkl
K4 O(2)×Zc2T
U0gg ,4,1
ijkl
√
2√
5
TU
0g ,2,1
ijkl − 2√7T
U2g ,2,0
ijkl +
1√
35
TU
4g ,1,0
ijkl
K4 O(2)×Zc2T
U0gg ,5,1
ijkl
2
3
TU
0g ,1,1
ijkl − 23√5T
U0g ,2,1
ijkl +
1
3
TU
2g ,1,0
ijkl − 2
√
2
3
√
7
TU
2g ,2,0
ijkl − 2
√
2√
35
TU
4g ,1,0
ijkl
K4 O(2)×Zc2T
U2g ,1,1
ijkl − 1√3T
U2g ,1,−2
ijkl +
2
√
2√
21
TU
2g ,2,−2
ijkl −
√
2√
7
TU
4g ,1,−2
ijkl
K4 O(2)×Zc2T
U2g ,1,2
ijkl − 1√3T
U2g ,1,2
ijkl +
2
√
2√
21
TU
2g ,2,2
ijkl −
√
2√
7
TU
4g ,1,2
ijkl
K4 O(2)×Zc2T
U2g ,2,1
ijkl −
√
2√
3
TU
2g ,1,−2
ijkl − 2√21T
U2g ,2,−2
ijkl +
1√
7
TU
4g ,1,−2
ijkl
K4 O(2)×Zc2T
U2g ,2,2
ijkl −
√
2√
3
TU
2g ,1,2
ijkl − 2√21T
U2g ,2,2
ijkl +
1√
7
TU
4g ,1,2
ijkl
K4 O(2)×Zc2T
U2g ,3,1
ijkl −
√
3√
7
TU
2g ,2,−2
ijkl − 2√7T
U4g ,1,−2
ijkl
K4 O(2)×Zc2T
U2g ,3,2
ijkl −
√
3√
7
TU
2g ,2,2
ijkl − 2√7T
U4g ,1,2
ijkl
K4 O(2)×Zc2T
U4g ,1,1
ijkl −TU
4g ,1,−4
ijkl
K4 O(2)×Zc2T
U4g ,1,2
ijkl −TU
4g ,1,4
ijkl
K5 D2×Zc2T
Ag ,1,1
ijkl
1
3
TU
0g ,1,1
ijkl +
2
3
√
5
TU
0g ,2,1
ijkl − 13TU
2g ,1,0
ijkl +
1√
3
TU
2g ,1,2
ijkl −
√
2
3
√
7
TU
2g ,2,0
ijkl
+
√
2√
21
TU
2g ,2,2
ijkl +
3
2
√
70
TU
4g ,1,0
ijkl − 1√14T
U4g ,1,2
ijkl − 12√2T
U4g ,1,4
ijkl
K5 D2×Zc2T
Ag ,2,1
ijkl
1
3
TU
0g ,1,1
ijkl +
2
3
√
5
TU
0g ,2,1
ijkl +
2
3
TU
2g ,1,0
ijkl +
2
√
2
3
√
7
TU
2g ,2,0
ijkl +
2
√
2√
35
TU
4g ,1,0
ijkl
K5 D2×Zc2T
Ag ,3,1
ijkl
1
3
TU
0g ,1,1
ijkl +
2
3
√
5
TU
0g ,2,1
ijkl − 13TU
2g ,1,0
ijkl − 1√3T
U2g ,1,2
ijkl −
√
2
3
√
7
TU
2g ,2,0
ijkl
−
√
2√
21
TU
2g ,2,2
ijkl +
3
2
√
70
TU
4g ,1,0
ijkl +
1√
14
TU
4g ,1,2
ijkl − 12√2T
U4g ,1,4
ijkl
K5 D2×Zc2T
Ag ,4,1
ijkl
√
2
3
TU
0g ,1,1
ijkl −
√
2
3
√
5
TU
0g ,2,1
ijkl +
1
3
√
2
TU
2g ,1,0
ijkl +
1√
6
TU
2g ,1,2
ijkl − 23√7T
U2g ,2,0
ijkl
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1 2 3
− 2√
21
TU
2g ,2,2
ijkl − 2√35T
U4g ,1,0
ijkl +
1√
7
TU
4g ,1,2
ijkl
K5 D2×Zc2T
Ag ,5,1
ijkl
√
2
3
TU
0g ,1,1
ijkl −
√
2
3
√
5
TU
0g ,2,1
ijkl −
√
2
3
TU
2g ,1,0
ijkl +
4
3
√
7
TU
2g ,2,0
ijkl +
1
2
√
35
TU
4g ,1,0
ijkl
+1
2
TU
4g ,1,4
ijkl
K5 D2×Zc2T
Ag ,6,1
ijkl
√
2
3
TU
0g ,1,1
ijkl −
√
2
3
√
5
TU
0g ,2,1
ijkl +
1
3
√
2
TU
2g ,1,0
ijkl − 1√6T
U2g ,1,2
ijkl − 23√7T
U2g ,2,0
ijkl
+ 2√
21
TU
2g ,2,2
ijkl − 2√35T
U4g ,1,0
ijkl − 1√7T
U4g ,1,2
ijkl
K5 D2×Zc2T
Ag ,7,1
ijkl
1√
5
TU
0g ,2,1
ijkl +
1√
14
TU
2g ,2,0
ijkl −
√
3√
14
TU
2g ,2,2
ijkl − 2
√
2√
35
TU
4g ,1,0
ijkl −
√
2√
7
TU
4g ,1,2
ijkl
K5 D2×Zc2T
Ag ,8,1
ijkl
1√
5
TU
0g ,2,1
ijkl −
√
2√
7
TU
2g ,2,0
ijkl +
1√
70
TU
4g ,1,0
ijkl +
1√
2
TU
4g ,1,4
ijkl
K5 D2×Zc2T
Ag ,9,1
ijkl
1√
5
TU
0g ,2,1
ijkl +
1√
14
TU
2g ,2,0
ijkl +
√
3√
14
TU
2g ,2,2
ijkl − 2
√
2√
35
TU
4g ,1,0
ijkl +
√
2√
7
TU
4g ,1,2
ijkl
K6 D4×Zc2T
A1g ,1,1
ijkl
2
3
T,1,1ijkl +
1
3
√
5
TU
0g ,2,1
ijkl − 23TU
2g ,1,0
ijkl +
√
2
3
√
7
TU
2g ,2,0
ijkl +
√
2√
35
TU
4g ,1,0
ijkl
K6 D4×Zc2T
A1g ,2,1
ijkl
1
3
TU
0g ,1,1
ijkl +
2
3
√
5
TU
0g ,2,1
ijkl +
2
3
TU
2g ,1,0
ijkl +
2
√
2
3
√
7
TU
2g ,2,0
ijkl +
2
√
2√
35
TU
4g ,1,0
ijkl
K6 D4×Zc2T
A1g ,3,1
ijkl
2
3
TU
0g ,1,1
ijkl − 23√5T
U0g ,2,1
ijkl +
1
3
TU
2g ,1,0
ijkl − 2
√
2
3
√
7
TU
2g ,2,0
ijkl − 2
√
2√
35
TU
4g ,1,0
ijkl
K6 D4×Zc2T
A1g ,4,1
ijkl
1√
5
TU
0g ,2,1
ijkl −
√
2√
7
TU
2g ,2,0
ijkl +
1√
70
TU
4g ,1,0
ijkl − 1√2T
U4g ,1,4
ijkl
K6 D4×Zc2T
A1g ,5,1
ijkl
1√
5
TU
0g ,2,1
ijkl −
√
2√
7
TU
2g ,2,0
ijkl +
1√
70
TU
4g ,1,0
ijkl +
1√
2
TU
4g ,1,4
ijkl
K6 D4×Zc2T
A1g ,6,1
ijkl
√
2√
5
TU
0g ,2,1
ijkl +
1√
7
TU
2g ,2,0
ijkl − 4√35T
U4g ,1,0
ijkl
K6 D4×Zc2T
B1g ,1,1
ijkl
√
2√
3
TU
2g ,1,2
ijkl +
2√
21
TU
2g ,2,2
ijkl − 1√7T
U4g ,1,2
ijkl
K6 D4×Zc2T
B1g ,2,1
ijkl
1√
3
TU
2g ,1,2
ijkl − 2
√
2√
21
TU
2g ,2,2
ijkl +
√
2√
7
TU
4g ,1,2
ijkl
K6 D4×Zc2T
B1g ,3,1
ijkl −
√
3√
7
TU
2g ,2,2
ijkl − 2√7T
U4g ,1,2
ijkl
K7 D6×Zc2T
A1g ,1,1
ijkl
1
3
TU
0g ,1,1
ijkl +
2
3
√
5
TU
0g ,2,1
ijkl +
2
3
TU
2g ,1,0
ijkl +
2
√
2
3
√
7
TU
2g ,2,0
ijkl +
2
√
2√
35
TU
4g ,1,0
ijkl
K7 D6×Zc2T
A1g ,2,1
ijkl
2
3
TU
0g ,1,1
ijkl +
1
3
√
5
TU
0g ,2,1
ijkl − 23TU
2g ,1,0
ijkl +
√
2
3
√
7
TU
2g ,2,0
ijkl +
√
2√
35
TU
4g ,1,0
ijkl
K7 D6×Zc2T
A1g ,3,1
ijkl
√
2√
5
TU
0g ,2,1
ijkl +
1√
7
TU
2g ,2,0
ijkl − 4√35T
U4g ,1,0
ijkl
K7 D6×Zc2T
A1g ,4,1
ijkl
√
2√
5
TU
0g ,2,1
ijkl − 2√7T
U2g ,2,0
ijkl +
1√
35
TU
4g ,1,0
ijkl
K7 D6×Zc2T
A1g ,5,1
ijkl
2
3
TU
0g ,1,1
ijkl − 23√5T
U0g ,2,1
ijkl +
1
3
TU
2g ,1,0
ijkl − 2
√
2
3
√
7
TU
2g ,2,0
ijkl − 2
√
2√
35
TU
4g ,1,0
ijkl
K7 D6×Zc2T
E2g ,1,1
ijkl − 1√5T
U0g ,2,1
ijkl − 1√14T
U2g ,1,0
ijkl −
√
3√
14
TU
2g ,1,2
ijkl +
2
√
2√
35
TU
4g ,1,0
ijkl −
√
2√
7
TU
4g ,1,2
ijkl
K7 D6×Zc2T
E2g ,1,2
ijkl
1√
5
TU
0g ,2,1
ijkl +
1√
14
TU
2g ,1,0
ijkl −
√
3√
14
TU
2g ,1,2
ijkl − 2
√
2√
35
TU
4g ,1,0
ijkl −
√
2√
7
TU
4g ,1,2
ijkl
K7 D6×Zc2T
E2g ,2,1
ijkl − 1√5T
U0g ,2,1
ijkl +
√
2√
7
TU
2g ,2,0
ijkl − 1√70T
U4g ,1,0
ijkl − 1√2T
U4g ,1,4
ijkl
K7 D6×Zc2T
E2g ,2,2
ijkl
1√
5
TU
0g ,2,1
ijkl −
√
2√
7
TU
2g ,2,0
ijkl +
1√
70
TU
4g ,1,0
ijkl − 1√2T
U4g ,1,4
ijkl
K8 T ×Zc2T
Ag ,1,1
ijkl T
U0g ,1,1
ijkl
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1 2 3
K8 T ×Zc2T
Ag ,2,1
ijkl − 2√7T
U2g ,2,2
ijkl +
√
3√
7
TU
4g ,1,2
ijkl
K8 T ×Zc2T
Ag ,3,1
ijkl
√
3√
5
TU
0g ,2,1
ijkl −
√
7√
30
TU
4g ,1,0
ijkl +
1√
6
TU
4g ,1,4
ijkl
K8 T ×Zc2T
1Eg⊕2Eg ,1,1
ijkl T
U2g ,1,2
ijkl
K8 T ×Zc2T
1Eg⊕2Eg ,1,2
ijkl T
U2g ,1,0
ijkl
K8 T ×Zc2T
1Eg⊕2Eg ,2,1
ijkl
1√
3
TU
2g ,1,2
ijkl − 2
√
2√
21
TU
2g ,2,2
ijkl +
√
2√
7
TU
4g ,1,2
ijkl
K8 T ×Zc2T
1Eg⊕2Eg ,2,2
ijkl
1√
5
TU
0g ,2,1
ijkl −
√
2√
7
TU
2g ,2,0
ijkl +
1√
70
TU
4g ,1,0
ijkl − 1√2T
U4g ,1,4
ijkl
K8 T ×Zc2T
1Eg⊕2Eg ,3,1
ijkl
2
√
2√
15
TU
0g ,2,1
ijkl − 1√21T
U2g ,2,0
ijkl −
√
3√
35
TU
4g ,1,0
ijkl +
1√
3
TU
4g ,1,4
ijkl
K8 T ×Zc2T
1Eg⊕2Eg ,3,2
ijkl −
√
3√
7
TU
2g ,2,2
ijkl − 2√7T
U4g ,1,2
ijkl
K9 O×Zc2T
A1g ,1,1
ijkl T
U0g ,1,1
ijkl
K9 O×Zc2T
A1g ,2,1
ijkl
√
2√
5
TU
0g ,2,1
ijkl +
√
7
2
√
5
TU
4g ,1,0
ijkl − 12TU
4g ,1,4
ijkl
K9 O×Zc2T
A1g ,3,1
ijkl
√
3√
5
TU
0g ,2,1
ijkl −
√
7√
30
TU
4g ,1,0
ijkl +
1√
6
TU
4g ,1,4
ijkl
K9 O×Zc2T
Eg ,1,1
ijkl T
U2g ,1,2
ijkl
K9 O×Zc2T
Eg ,1,2
ijkl T
U2g ,1,0
ijkl
K9 O×Zc2T
Eg ,2,1
ijkl − 2√7T
U2g ,2,0
ijkl −
√
5
2
√
7
TU
4g ,1,0
ijkl − 12TU
4g ,1,4
ijkl
K9 O×Zc2T
Eg ,2,2
ijkl − 2√7T
U2g ,2,2
ijkl +
√
3√
7
TU
4g ,1,2
ijkl
K9 O×Zc2T
Eg ,3,1
ijkl
√
3√
7
TU
2g ,2,2
ijkl +
2√
7
TU
4g ,1,2
ijkl
K9 O×Zc2T
Eg ,3,2
ijkl −
√
3√
7
TU
2g ,2,0
ijkl +
√
5√
21
TU
4g ,1,0
ijkl +
1√
3
TU
4g ,1,4
ijkl
K10 D3×Zc2T
A1g ,1,1
ijkl
2
3
TU
0g ,1,0
ijkl +
1√
5
TU
0g ,2,0
ijkl − 23TU
2g ,1,0
ijkl +
√
2
3
√
7
TU
2g ,2,0
ijkl +
√
2√
35
TU
4g ,1,0
ijkl
K10 D3×Zc2T
A1g ,2,1
ijkl
1
3
TU
0g ,1,0
ijkl +
2
3
√
5
TU
0g ,2,0
ijkl +
2
3
TU
2g ,1,0
ijkl +
2
√
2
3
√
7
TU
2g ,2,0
ijkl +
2
√
2√
35
TU
4g ,1,0
ijkl
K10 D3×Zc2T
A1g ,3,1
ijkl
2
3
TU
0g ,1,0
ijkl − 23√5T
U0g ,2,0
ijkl +
1
3
TU
2g ,1,0
ijkl − 2
√
2
3
√
7
TU
2g ,2,0
ijkl − 2
√
2√
35
TU
4g ,1,0
ijkl
K10 D3×Zc2T
A1g ,4,1
ijkl
√
2√
5
TU
0g ,2,0
ijkl − 2√7T
U2g ,2,0
ijkl +
1√
35
TU
4g ,1,0
ijkl
K10 D3×Zc2T
A1g ,5,1
ijkl
√
2√
5
TU
0g ,2,0
ijkl +
1√
7
TU
2g ,2,0
ijkl − 4√35T
U4g ,1,0
ijkl
K10 D3×Zc2T
A1g ,6,1
ijkl −TU
4g ,1,3
ijkl
K11 D6×Zc2T
A1g ,1,1
ijkl
2
3
TU
0g ,1,0
ijkl +
1
3
√
5
TU
0g ,2,0
ijkl − 23TU
2g ,1,0
ijkl +
√
2
3
√
7
TU
2g ,2,0
ijkl +
√
2√
35
TU
4g ,1,0
ijkl
K11 D6×Zc2T
A1g ,2,1
ijkl
1
3
TU
0g ,1,0
ijkl +
2
3
√
5
TU
0g ,2,0
ijkl +
2
3
TU
2g ,1,0
ijkl +
2
√
2
3
√
7
TU
2g ,2,0
ijkl +
2
√
2√
35
TU
4g ,1,0
ijkl
K11 D6×Zc2T
A1g ,3,1
ijkl
2
3
TU
0g ,1,0
ijkl − 23√5T
U0g ,2,0
ijkl +
1
3
TU
2g ,1,0
ijkl − 2
√
2
3
√
7
TU
2g ,2,0
ijkl − 2
√
2√
35
TU
4g ,1,0
ijkl
K11 D6×Zc2T
A1g ,4,1
ijkl
√
2√
5
TU
0g ,2,0
ijkl +
1√
7
TU
2g ,2,0
ijkl − 4√35T
U4g ,1,0
ijkl
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1 2 3
K11 D6×Zc2T
A1g ,5,1
ijkl
√
2√
5
TU
0g ,2,0
ijkl − 2√7T
U2g ,2,0
ijkl +
1√
35
TU
4g ,1,0
ijkl
K11 D6×Zc2T
B1g ,1,1
ijkl −TU
4g ,1,3
ijkl
K12 D4×Zc2T
A1g ,1,1
ijkl
2
3
TU
0g ,1,0
ijkl +
1
3
√
5
TU
0g ,2,0
ijkl − 23TU
2g ,1,0
ijkl +
√
2
3
√
7
TU
2g ,2,0
ijkl +
√
2√
35
TU
4g ,1,0
ijkl
K12 D4×Zc2T
A1g ,2,1
ijkl
1
3
TU
0g ,1,0
ijkl +
2
3
√
5
TU
0g ,2,0
ijkl +
2
3
TU
2g ,1,0
ijkl +
2
√
2
3
√
7
TU
2g ,2,0
ijkl +
2
√
2√
35
TU
4g ,1,0
ijkl
K12 D4×Zc2T
A1g ,3,1
ijkl
2
3
TU
0g ,1,0
ijkl − 23√5T
U0g ,2,0
ijkl +
1
3
TU
2g ,1,0
ijkl − 2
√
2
3
√
7
TU
2g ,2,0
ijkl − 2
√
2√
35
TU
4g ,1,0
ijkl
K12 D4×Zc2T
A1g ,4,1
ijkl
1√
5
TU
0g ,2,0
ijkl −
√
2√
7
TU
2g ,2,0
ijkl +
1√
70
TU
4g ,1,0
ijkl − 1√2T
U4g ,1,4
ijkl
K12 D4×Zc2T
A1g ,5,1
ijkl
1√
5
TU
0g ,2,0
ijkl −
√
2√
7
TU
2g ,2,0
ijkl +
1√
70
TU
4g ,1,0
ijkl +
1√
2
TU
4g ,1,4
ijkl
K12 D4×Zc2T
A1g ,6,1
ijkl
√
2√
5
TU
0g ,2,0
ijkl +
1√
7
TU
2g ,2,0
ijkl − 4√35T
U2g ,1,0
ijkl
K13 D8×Zc2T
A1g ,1,1
ijkl
2
3
TU
0g ,1,0
ijkl +
1
3
√
5
TU
0g ,2,0
ijkl − 23TU
2g ,1,0
ijkl +
√
2
3
√
7
TU
2g ,2,0
ijkl +
√
2√
35
TU
4g ,1,0
ijkl
K13 D8×Zc2T
A1g ,2,1
ijkl
1
3
TU
0g ,1,0
ijkl +
2
3
√
5
TU
0g ,2,0
ijkl +
2
3
TU
2g ,1,0
ijkl +
2
√
2
3
√
7
TU
2g ,2,0
ijkl +
2
√
2√
35
TU
4g ,1,0
ijkl
K13 D8×Zc2T
A1g ,3,1
ijkl
2
3
TU
0g ,1,0
ijkl − 23√5T
U0g ,2,0
ijkl +
1
3
TU
2g ,1,0
ijkl − 2
√
2
3
√
7
TU
2g ,2,0
ijkl − 2
√
2√
35
TU
4g ,1,0
ijkl
K13 D8×Zc2T
A1g ,4,1
ijkl
√
2√
5
TU
0g ,2,0
ijkl +
1√
7
TU
2g ,2,0
ijkl − 4√35T
U4g ,1,0
ijkl
K13 D8×Zc2T
A1g ,5,1
ijkl
√
2√
5
TU
0g ,2,0
ijkl − 2√7T
U2g ,2,0
ijkl +
1√
35
TU
4g ,1,0
ijkl
K13 D8×Zc2T
B2g ,1,1
ijkl −TU
4g ,1,4
ijkl
K14 O(2)×Zc2T
U0gg ,1,1
ijkl
1
3
TU
0g ,1,0
ijkl +
2
3
√
5
TU
0g ,2,0
ijkl +
2
3
TU
2g ,1,0
ijkl +
2
√
2
3
√
7
TU
2g ,2,0
ijkl +
2
√
2√
35
TU
4g ,1,0
ijkl
K14 O(2)×Zc2T
U0gg ,2,1
ijkl
2
3
TU
0g ,1,0
ijkl +
1
3
√
5
TU
0g ,2,0
ijkl − 23TU
2g ,1,0
ijkl +
√
2
3
√
7
TU
2g ,2,0
ijkl +
√
2√
35
TU
4g ,1,0
ijkl
K14 O(2)×Zc2T
U0gg ,3,1
ijkl
√
2√
5
TU
0g ,2,0
ijkl +
1√
7
TU
2g ,2,0
ijkl − 4√35T
U4g ,1,0
ijkl
K14 O(2)×Zc2T
U0gg ,4,1
ijkl
√
2√
5
TU
0g ,2,0
ijkl − 2√7T
U2g ,2,0
ijkl +
1√
35
TU
4g ,1,0
ijkl
K14 O(2)×Zc2T
U0gg ,5,1
ijkl
2
3
TU
0g ,1,0
ijkl − 23√5T
U0g ,2,0
ijkl +
1
3
TU
2g ,1,0
ijkl − 2
√
2
3
√
7
TU
2g ,2,0
ijkl − 2
√
2√
35
TU
4g ,1,0
ijkl
K15 O×Zc2T
A1g ,1,1
ijkl T
U0g ,1,0
ijkl
K15 O×Zc2T
A1g ,2,1
ijkl
√
2√
5
TU
0g ,2,0
ijkl +
√
7
2
√
5
TU
4g ,1,0
ijkl − 12TU
4g ,1,4
ijkl
K15 O×Zc2T
A1g ,3,1
ijkl
√
3√
5
TU
0g ,2,0
ijkl −
√
7√
30
TU
4g ,1,0
ijkl +
1√
6
TU
4g ,1,4
ijkl
K16 O(3)T
0,1,0
ijkl T
U0g ,1,0
ijkl
K16 O(3)T
0,2,0
ijkl T
U0g ,2,0
ijkl
4.3 The isotropy subgroups for the groups Ki
Table 4 shows the isotropy subgroups of the groups Ki. In this table, Z−2 is
the order 2 group generated by the reflection through the yz-plane, and Z˜2 is
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the group generated by a reflection leavind an edge of a cube invariant [11].
The group H0 is always equal to Ki and therefore is omitted.
Table 4: The isotropy subgroups of the groups Ki
Ki H1 H2 H3 H4 H5 H6
K1 I
K2, K16 O(2)
K3 Z2 Z
−
2 I
K4, K14 O(2) Z−2 × Zc2 Z−2
K5 Z2 Z
−
2 I
K6, K12 Z4 Z2 Z−2 I
K7, K11 Z3 × Zc2 Z2 Z−2 I
K8 D3 D2 Z
c
2 I
K9, K15 D3 D4 D2 Z˜2 Z2 I
K10 Z3 Z
−
2 Z2 I
K13 Z8 Z2 Z
−
2 I
4.4 The orbit type stratification
The following formulae describe the orbit type stratification of the orbit space
Rˆ3/Ki. The zeroth stratum is always equal to {0} and therefore is omitted.
Rˆ3/K1:
(Rˆ3/K1)1 = {p3 > 0} ∪ {p2 > 0, p3 = 0} ∪ { (p1, 0, 0) : p1 > 0 }.
Rˆ3/K2, Rˆ3/K16:
(Rˆ3/K2)1 = { (0, 0, p3) : p3 > 0 }.
Rˆ3/K3:
(Rˆ3/K3)1 = { (0, 0, p3) : p3 > 0 },
(Rˆ3/K3)2 = {(p1 6= 0, 0, p3 > 0)},
(Rˆ3/K3)3 = { (p1, p2 > 0, p3 > 0) : p3 > 0 }.
Rˆ3/K4, Rˆ3/K14:
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(Rˆ3/K4)1 = { (p1, 0, 0) : p1 > 0 },
(Rˆ3/K4)2 = {(0, 0, p3) : p3 > 0},
(Rˆ3/K4)3 = { (p1, 0, p3) : p1 > 0, p3 > 0 }.
Rˆ3/K5:
(Rˆ3/K5)1 = { (λ, 0, 0) : λ > 0 },
(Rˆ3/K5)2 = { (λ, θp, 0) : λ > 0, 0 < θp < pi/2 },
(Rˆ3/K5)3 = { (λ, pi/2, ϕp) : λ > 0, 0 < ϕp < pi/m },
(Rˆ3/K5)4 = { (λ, θp, ϕp) : λ > 0, 0 < θp < pi/2, 0 < ϕp < pi/m }
(19)
for m = 1, where (λ, θp, ϕp) are the spherical coordinates in Rˆ3.
Rˆ3/K6, Rˆ3/K12: (19) with m = 2.
Rˆ3/K7, Rˆ3/K11: (19) with m = 3.
Rˆ3/K8:
(Rˆ3/K8)1 = { (λ, pi/4, 0) : λ > 0 },
(Rˆ3/K8)2 = { (λ, 0, 0) : λ > 0 },
(Rˆ3/K8)3 = { (λ, θp, 0) : λ > 0, 0 < θp < pi/4 },
(Rˆ3/K8)3 = { (λ, θp, ϕ) : λ > 0, 0 < ϕp < pi/2, 0 < θp < cot−1(
√
2 cos(ϕp − pi/4)) }.
Rˆ3/K9, Rˆ3/K15:
(Rˆ3/K9)1 = { (p1, p2, p3) : 0 < p1 = p2 = p3 },
(Rˆ3/K9)2 = { (0, 0, p3) : p3 > 0 },
(Rˆ3/K9)3 = { (0, p2, p3) : 0 < p2 = p3 },
(Rˆ3/K9)4 = { (0, p2, p3) : 0 < p2 < p3 },
(Rˆ3/K9)5 = { (p1, p2, p3) : 0 < p1 = p2 < p3 },
(Rˆ3/K9)6 = { (p1, p2, p3) : 0 < p1 < p2 < p3 }.
Rˆ3/K10:
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(Rˆ3/K10)1 = { (λ, 0, 0) : λ > 0 },
(Rˆ3/K10)2 = { (λ, θp, 0) : λ > 0, 0 < θp < pi/2 },
(Rˆ3/K10)3 = { (λ, pi/2, ϕp) : λ > 0, 0 < ϕp < pi/3 },
(Rˆ3/K10)4 = { (λ, θ/2, ϕp) : λ > 0, 0 < θp < pi/3, 0 < ϕp < pi/3 }.
Rˆ3/K13: (19) with m = 4.
5 The results
In Theorem m below we denote by KmTijkl the tensors of the basis given
in Table 3 in the lines marked by Km, 1 ≤ m ≤ 16. We say “a triclinic
(orthotropic, etc) random field” instead of more rigourous “a random field
with triclinic (orthotropic, etc) symmetry”.
5.1 The triclinic class
Theorem 1 (A triclinic random field in the triclinic class). The one-point
correlation tensor of a homogeneous and (Zc2, 21Ag)-isotropic random field
C(x) is
〈C(x)〉ijkl =
21∑
m=1
Cm Zc2T
Ag ,m,1
ijkl ,
where Cm ∈ R. Its two-point correlation tensor has the form
〈C(x),C(y)〉 =
∫
Rˆ3/Zc2
cos(p,y − x)f(p) dΦ(p),
where f(p) is a Φ-equivalence class of measurable functions acting from
Rˆ3/Zc2 to the set of nonnegative-definite symmetric linear operators on VZ
c
2
with unit trace, and Φ is a finite measure on Rˆ3/Zc2. The field has the form
Cijkl(x) =
21∑
m=1
Cm Zc2T
Ag ,m,1
ijkl +
21∑
m=1
∫
Rˆ3/Zc2
cos(p,x) dZ1m(p)Zc2T
Ag ,m,1
ijkl
+
21∑
m=1
∫
Rˆ3/Zc2
sin(p,x) dZ2m(p)Zc2T
Ag ,m,1
ijkl ,
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where (Zm1 (p), . . . , Zm21(p)> are two centred uncorrelated VZ
c
2-valued random
measures on Rˆ3/Zc2 with control measure f(p) dΦ(p).
To formulate the next theorem, we need to introduce some notation. Let
f(λ), λ ≥ 0 be a measurable function on [0,∞) taking values in the set of
real symmetric nonnegative-definite matrices of size 21× 21 with unit trace.
Assume that
f1,1(λ) = f1,3(λ), f1,2(λ) = f2,3(λ), f1,6(λ) = f3,4(λ),
f1,7(λ) = f3,9(λ), f1,8(λ) = f3,8(λ), f2,4(λ) = f2,6(λ),
f2,7(λ) = f2,9(λ), f4,4(λ) = f6,6(λ), f4,5(λ) = f5,6(λ),
f4,9(λ) = f6,7(λ), f5,7(λ) = f5,9(λ), f7,7(λ) = f9,9(λ),
f10,10(λ) = f14,14(λ), f10,11(λ) = f14,15(λ), f10,13(λ) = f14,17(λ),
f11,11(λ) = f15,15(λ), f12,13(λ) = f16,17(λ), f13,13(λ) = f17,17(λ),
f18,19(λ) = f18,20(λ), f19,19(λ) = f20,20(λ), f19,21(λ) = f20,21(λ)
(20)
and
f1,3(λ) = −f1,1(λ) + 8f5,5(λ)− 2f8,8(λ) + 4f1,8(λ),
f1,4(λ) = f3,6(λ) = f1,6(λ)− 4f18,19(λ),
f1,5(λ) = f3,5(λ) =
1
2
f1,1(λ)− 2f19,19(λ)− 1
2
f1,8(λ),
f1,9(λ) = f3,7(λ) = f1,7(λ)− 4f19,21(λ),
f2,8(λ) = f1,2(λ)− 2f2,5(λ),
f4,6(λ) = f4,4(λ)− 2f18,18(λ),
f4,7(λ) = f6,9(λ) = f4,9(λ)− 2f18,21(λ),
f4,8(λ) = f6,8(λ) = f1,6(λ)− 2f4,5(λ)− 2f18,19(λ),
f5,8(λ)− 1
2
f1,1(λ) + 2f5,5(λ)− f8,8(λ) + 2f19,19(λ) + 3
2
f1,8(λ),
f7,8(λ) = f8,9(λ) = f1,7(λ)− 2f5,7(λ)− 2f19,21(λ),
f7,9(λ) = f7,7(λ)− 2f21,21(λ),
f10,12(λ) = f14,16(λ) = −1
2
f11,11(λ) +
1
2
f12,12(λ)− f10,11(λ),
f11,12(λ) = f15,16(λ) = −2f10,10(λ) + 1
2
f11,11(λ) +
1
2
f12,12(λ),
f11,13(λ) = f15,17(λ) = f12,13(λ)− 2f10,13(λ),
f19,20(λ) =
1
2
f1,1(λ)− 2f5,5(λ) + 1
2
f8,8(λ)− f19,19(λ)− f1,8(λ).
(21)
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Assume also that all the entries of the matrix f(λ) that lie over its main
diagonal and were not mentioned previously, are equal to 0.
Put
u1(λ) = 2f1,1(λ), u2(λ) = f2,2(λ), u3(λ) = 2f4,4(λ),
u4(λ) = f5,5(λ), u5(λ) = 2f7,7(λ), u6(λ) = f8,8(λ),
u7(λ) = f1,2(λ), u8(λ) = f1,6(λ), u9(λ) = f1,7(λ),
u10(λ) = f1,8(λ), u11(λ) = f2,4(λ), u12(λ) = f2,5(λ),
u13(λ) = f2,7(λ), u14(λ) = f4,5(λ), u15(λ) = f4,9(λ),
u16(λ) = f5,9(λ), u17(λ) = 2f10,10(λ), u18(λ) = 2f11,11(λ),
u19(λ) = 2f12,12(λ), u20(λ) = 2f13,13(λ), u21(λ) = f10,11(λ),
u22(λ) = f10,13(λ), u23(λ) = f12,13(λ), u24(λ) = f18,18(λ),
u25(λ) = 2f19,19(λ), u26(λ) = f21,21(λ), u27(λ) = f18,19(λ),
u28(λ) = f18,21(λ), u29(λ) = f19,21(λ).
(22)
and
vi(λ) =

ui(λ)
u1(λ)+···+u6(λ) , if 1 ≤ i ≤ 5
ui+1(λ)
u1(λ)+···+u6(λ) , if 6 ≤ i ≤ 15
ui+1(λ)
u17(λ)+···+u20(λ) , if 16 ≤ i ≤ 18
ui+2(λ)
u17(λ)+···+u20(λ) , if 19 ≤ i ≤ 21
ui+2(λ)
u24(λ)+u25(λ)+u26(λ)
, if 22 ≤ i ≤ 23
ui+3(λ)
u24(λ)+u25(λ)+u26(λ)
, if 24 ≤ i ≤ 26.
(23)
The set C of the possible values of the function f(λ) is a convex compact.
The set of extreme points of C consists of three connected components. The
functions vi(λ) with 1 ≤ i ≤ 15 (resp. 16 ≤ i ≤ 21, resp. 22 ≤ i ≤ 26)
are coordinates in the closed convex hull of the first (resp. second, resp.
third) component. The possible values for coordinates are determined by
the following conditions: the principal minors of the matrix f(λ) are non-
negative.
Let < be the lexicographic order on the sequences tuijkl, where ijkl are
indices that numerate the 21 component of the elasticity tensor, t ≥ 0, and
−t ≤ u ≤ t. Consider the infinite symmetric positive definite matrices given
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by
bt
′u′i′j′k′l′
tuijkl (m) = i
t′−t√(2t+ 1)(2t′ + 1) 4∑
n=0
1
4n+ 1
g
0[0,0]
2n[t,t′]
×
mn∑
q=1
anqm
2n∑
v=−2n
T2n,q,vi···l′ g
v[u,u′]
2n[t,t′]
with 1 ≤ m ≤ 13. Let L(m) be the infinite lower triangular matrices of the
Cholesky factorisation of the matrices bt
′u′i′j′k′l′
tuijkl (m) constructed in [18]. Let
Z ′mtuijkl be the sequence of centred scattered random measures with Φm as
their control measures. Define
Zmtuijkl =
∑
(t′u′i′j′k′l′)≤(tuijkl)
Lt
′u′i′j′k′l′
tuijkl (m)Z
′
mtuijkl.
Theorem 2 (An isotropic random field in the triclinic class). The one-point
correlation tensor of a homogeneous and (O(3), 2U0g ⊕ 2U2g ⊕U4g)-isotropic
random field C(x) is
〈C(x)〉ijkl = C1TU0g ,1,1ijkl + C2TU
0g ,2,1
ijkl ,
where C1, C2 ∈ R. Its two-point correlation tensor has the spectral expansion
〈C(x),C(y)〉ijkli′j′k′l′ =
3∑
n=1
∫ ∞
0
29∑
q=1
Nnq(λ, ρ)L
q
iikli′j′k′l′(y − x) dΦn(λ), (24)
where the functions Nnq(λ, ρ) are given in Table 5 and the functions Lqiikli′j′k′l′
are given in Table 6. The measures Φn(λ) satisfy the condition
Φ2({0}) = 2Φ3({0}). (25)
The spectral expansion of the field has the form
Cijkl(ρ, θ, ϕ) = C1T
U0g ,1,1
ijkl + C2T
U0g ,2,1
ijkl
+ 2
√
pi
13∑
m=1
∞∑
t=0
t∑
u=−t
∫ ∞
0
jt(λρ) dZmtuijkl(λ)S
u
t (θ, ϕ),
where Sut (θ, ϕ) are real-valued spherical harmonics.
32
Table 5: The functions Nnq(λ, ρ).
n q Nnq(λ, ρ)
1 1 [ 22
405
+ 1
81
v1(λ)− 1272835v2(λ)− 462835v3(λ)− 2681v4(λ) + 34567v5(λ)
+ 4
35
v6(λ)− 32105v7(λ) + 64105v8(λ)− 835v9(λ) + 8105v10(λ)− 1235v11(λ)
+ 32
105
v13(λ)− 560819845v14(λ)− 3235v15(λ)]j0(λρ)
+[−1534
1323
+ 198523
218295
v1(λ) +
52226
43659
v2(λ) +
510788
509355
v3(λ) +
3694
1323
v4(λ) +
58846
43659
v5(λ)
+ 8224
43659
v6(λ) − 169614553v7(λ) + 1180043659v8(λ) + 2192027783v9(λ) − 116814553v10(λ) −
1760
3969
v11(λ)
− 3116
43659
v12(λ) +
1712
1323
v13(λ)− 822414553v14(λ) + 6643969v15(λ)]j2(λρ)
+[− 8
35
− 983
5005
v1(λ) +
165622
105105
v2(λ) +
640
1001
v3(λ) +
104
35
v4(λ) +
2022
5005
v5(λ)
+ 35866
315315
v6(λ)− 34024105105v7(λ)− 206672315315v8(λ)− 429718848925v9(λ)− 605621021v10(λ)+
42596
121275
v11(λ)
+ 27172
315315
v12(λ)− 33928085v13(λ) + 805621021v14(λ) + 36644851v15(λ)]j4(λρ)
+[ 6
55
v1(λ)− 2922695v2(λ) + 192385v3(λ)− 12385v5(λ)− 12
385
v6(λ)− 192385v7(λ)− 36385v8(λ)− 1277v9(λ) + 48385v10(λ) + 2477v11(λ)
+12
55
v12(λ)− 9677v13(λ)− 9122695v14(λ)− 4877v15(λ)]j6(λρ)
+[− 36833
3153150
v1(λ)− 368331576575v2(λ)− 2946641576575v3(λ)− 736661576575v5(λ)− 73666
1576575
v6(λ) +
294664
1576575
v7(λ) +
147332
1576575
v8(λ) +
294664
1576575
v10(λ)
+ 147332
1576575
v12(λ)− 5893281576575v14(λ)]j8(λρ)
1 2 [− 2
27
+ 19
945
v1(λ) +
67
945
v2(λ) +
4
135
v3(λ) +
64
135
v4(λ) +
46
945
v5(λ)
+ 13
315
v6(λ) +
8
45
v7(λ)− 463v8(λ) + 27v9(λ)− 263v10(λ) + 135v11(λ)
+ 2
63
v12(λ)− 821v13(λ) + 3321323v14(λ) + 1235v15(λ)]j0(λρ)
+[249
343
− 94279
339570
v1(λ)− 2883533957v2(λ)− 34513169785v3(λ)− 27551029v4(λ)− 51794851v5(λ)− 8368
33957
v6(λ) − 167611319v7(λ) + 1997033957v8(λ) − 159409261 v9(λ) + 155811319v10(λ) +
416
441
v11(λ)
+19970
33957
v12(λ)− 1580441 v13(λ) + 335211319v14(λ)− 958441v15(λ)]j4(λρ)
+[−12
35
+ 1201
4004
v1(λ)− 58235035v2(λ) + 15045005v3(λ) + 45v4(λ) + 206715v5(λ)− 69
7007
v6(λ) − 764235035v7(λ) + 6327007v8(λ) + 34801188650v9(λ) − 150635035v10(λ) +
3131
121275
v11(λ)
+ 222
35035
v12(λ) +
1556
2695
v13(λ) +
5144
35035
v14(λ)− 214539v15(λ)]j4(λρ)
+[−1499
7546
v1(λ) +
14065
67914
v2(λ)− 155228169785v3(λ) + 49946169785v5(λ)
+ 49946
1697855
v6(λ)− 84218865v7(λ)− 92542169785v8(λ) + 1267924255v9(λ)− 1232656595v10(λ)−
25358
24255
v11(λ)
− 107242
1697855
v12(λ) +
101432
24255
v13(λ) +
17012
8085
v14(λ) +
50716
24255
v15(λ)]j6(λρ)
+[ 1733
541450
v1(λ) +
1733
270725
v2(λ) +
13864
270725
v3(λ) +
3466
270725
v5(λ)
Continued at next page
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Table 5: continued
1 2 3
+ 3466
270725
v6(λ)− 13864270725v7(λ)− 6932270725v8(λ)− 138641576575v10(λ)− 6932
270725
v12(λ) +
27728
270725
v14(λ)]j8(λρ)
1 3 [− 1
30
+ 1
1260
v1(λ) +
19
630
v2(λ) +
17
630
v3(λ) +
1
6
v4(λ) +
13
315
v5(λ)
− 8
315
v6(λ) +
8
315
v7(λ)− 463v8(λ) + 17v9(λ)− 16315v10(λ) + 435v11(λ)
+ 2
63
v12(λ) +
8
105
v13(λ) +
68
6615
v14(λ) +
4
105
v15(λ)]j0(λρ)
− 4
315
v12(λ) +
32
105
v13(λ)− 26245v14(λ)− 435v15(λ)]j0(λρ)
+[− 4
21
+ 103
693
v1(λ) +
20
99
v2(λ) +
2908
11319
v3(λ) +
25
27
v4(λ) +
115
693
v5(λ)
− 50
693
v6(λ)− 64693v7(λ) + 34693v8(λ) + 28229261v9(λ) + 68693v10(λ)
+ 34
693
v12(λ)− 821v13(λ)− 4693v14(λ)− 421v15(λ)]j2(λρ)
+[12
35
− 1411
10010
v1(λ)− 62378105105v2(λ)− 346715v3(λ)− 127 v4(λ)− 383710010v5(λ)− 13544
315315
v6(λ) +
3688
21021
v7(λ) +
7118
63063
v8(λ) +
40258
169875
v9(λ) +
17114
105105
v10(λ)−
3862
24255
v11(λ)
+ 568
315315
v12(λ)− 9088085v13(λ)− 3554105105v14(λ) + 264224255v15(λ)]j4(λρ)
+[− 25
693
v1(λ) +
15
539
v2(λ)− 136693v3(λ) + 2693v5(λ)
+ 2
693
v6(λ) +
124
693
v7(λ) +
26
693
v8(λ) +
4
77
v9(λ) +
4
693
v10(λ)− 877v11(λ)− 34
693
v12(λ) +
32
77
v13(λ) +
208
4851
v14(λ) +
16
77
v15(λ)]j6(λρ)
+[ 5717
1891890
v1(λ) +
5717
945945
v2(λ) +
45736
945945
v3(λ) +
11434
945945
v5(λ)
+ 11434
945945
v6(λ)− 45736945945v7(λ)− 22868945945v8(λ)− 45736945945v10(λ)− 22868
945945
v12(λ) +
91472
945945
v14(λ)]j8(λρ)
1 4 [ 1
63
v1(λ) +
1
315
v2(λ) +
23
315
v3(λ) +
1
15
v4(λ) +
2
315
v5(λ)
+ 2
315
v6(λ) +
16
315
v7(λ)− 4315v8(λ)− 135v9(λ) + 16315v10(λ) + 235v11(λ)− 4
315
v12(λ) +
32
105
v13(λ)− 26245v14(λ)− 435v15(λ)]j0(λρ)
+[− 3
14
+ 479
4620
v1(λ) +
305
1386
v2(λ) +
103031
339570
v3(λ) +
25
42
v4(λ) +
313
1386
v5(λ)
+ 8
693
v6(λ) +
100
693
v7(λ)− 16693v8(λ) + 13123087v9(λ) + 100693v10(λ)− 16
693
v12(λ)− 821v13(λ)− 200693v14(λ)]j2(λρ)
+[2
7
− 337
2002
v1(λ)− 14125005v2(λ)− 258715v3(λ)− 3435v4(λ)− 13945005v5(λ)
+ 36
5005
v6(λ) +
688
5005
v7(λ) − 725005v8(λ) + 633394325v9(λ) + 6885005v10(λ) −
674
5775
v11(λ)
− 72
5005
v12(λ)− 184385v13(λ)− 13765005v14(λ) + 1255v15(λ)]j4(λρ)
+[ 53
47355
v1(λ)− 50947355v2(λ)− 144847355v3(λ)− 31215785v5(λ)− 312
15785
v6(λ)+
236
4305
v7(λ)+
624
15785
v8(λ)− 2165v9(λ)+ 2364305v10(λ)+ 4165v11(λ)
+ 624
15785
v12(λ)− 16165v13(λ)− 14329471v14(λ)− 8165v15(λ)]j6(λρ)
+[ 4219
35257950
v1(λ) +
4219
17628975
v2(λ) +
33752
17628975
v3(λ) +
8438
17628975
v5(λ)
+ 8438
17628975
v6(λ)− 3375217628975v7(λ)− 1687617628975v8(λ)− 3375217628975v10(λ)
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1 2 3
− 16876
17628975
v12(λ) +
67504
17628975
v14(λ)]j8(λρ)
1 5 [ 1
30
− 13
1260
v1(λ)− 19630v2(λ)− 23630v3(λ)− 16v4(λ)− 23630v5(λ)− 1
315
v6(λ)− 2315v7(λ) + 163v8(λ)− 335v9(λ) + 145v10(λ)− 135v11(λ)− 1
315
v12(λ)− 2105v13(λ)− 5441v14(λ)− 1105v15(λ)]j0(λρ)
+[− 1
42
+ 1
1386
v1(λ) +
5
198
v2(λ)− 34967914v3(λ) + 542v4(λ) + 371386v5(λ)
+ 2
693
v6(λ) +
25
693
v7(λ)− 4693v8(λ) + 4196174v9(λ)− 8693v10(λ)− 4
693
v12(λ) +
2
21
v13(λ)− 17693v14(λ) + 121v15(λ)]j2(λρ)
+[− 1819
30870
+ 188281
8828820
v1(λ) +
58129
490490
v2(λ) +
376301
4414410
v3(λ) +
1819
6174
v4(λ) +
41413
630630
v5(λ)
+ 8881
2207205
v6(λ)− 489922207205v7(λ)− 72540131v8(λ)− 1923773v9(λ)− 866662207205v10(λ)+
1048
24255
v11(λ)
+ 4351
2207205
v12(λ) +
428
24255
v13(λ) +
135658
2207205
v14(λ)− 1424851v15(λ)]j4(λρ)
+[ 5959
679140
v1(λ)− 1459226380v2(λ) + 8366169785v3(λ)− 3418865v5(λ)− 34
18865
v6(λ) − 6511169785v7(λ) − 265145v8(λ) − 1379702v9(λ) − 631169785v10(λ) +
137
4851
v11(λ)
+ 694
56595
v12(λ)− 5484851v13(λ)− 39424255v14(λ)− 2744851v15(λ)]j6(λρ)
+[− 874
945945
v1(λ)− 1748945945v2(λ)− 13984945945v3(λ)− 3496945945v5(λ)− 3496
945945
v6(λ) +
13984
945945
v7(λ) +
6992
945945
v8(λ) +
13984
945945
v10(λ)
+ 6992
945945
v12(λ)− 27968945945v14(λ)]j8(λρ)
1 6 [ 1
20
− 83
2520
v1(λ)− 591260v2(λ)− 431260v3(λ)− 760v4(λ)− 11252v5(λ)
+ 2
315
v6(λ) +
4
315
v7(λ)− 4315v8(λ)− 17210v9(λ) + 4315v10(λ)− 4105v11(λ)− 4
315
v12(λ)− 435v13(λ)− 262205v14(λ) + 8105v15(λ)]j0(λρ)
+[+ 1
14
− 13
396
v1(λ)− 13198v2(λ)− 442167914v3(λ)− 1942v4(λ)− 831386v5(λ)
+ 8
693
v6(λ)− 32693v7(λ)− 16693v8(λ)− 1581029v9(λ)− 32693v10(λ)− 16
693
v12(λ) +
4
21
v13(λ) +
64
693
v14(λ)]j2(λρ)
+[− 8
35
+ 96
715
v1(λ) +
166
715
v2(λ) +
1444
5005
v3(λ) +
32
35
v4(λ) +
236
1001
v5(λ)
+ 36
5005
v6(λ)− 5085005v7(λ)− 725005v8(λ)− 323818865v9(λ)− 5085005v10(λ)+ 455v11(λ)− 72
5005
v12(λ) +
64
385
v13(λ) +
1016
5005
v14(λ)− 855v15(λ)]j4(λρ)
+[ 32
3465
v1(λ)− 224255v2(λ) + 2723465v3(λ) + 83465v5(λ)
+ 8
3465
v6(λ)− 1523465v7(λ)− 163465v8(λ)− 4231v9(λ)− 1523465v10(λ)+ 8231v11(λ)− 16
3465
v12(λ)− 32231v13(λ) + 68824255v14(λ)− 16231v15(λ)]j6(λρ)
+[ 433
1891890
v1(λ) +
433
945945
v2(λ) +
3464
945945
v3(λ) +
866
945945
v5(λ)
+ 866
945945
v6(λ)− 3464945945v7(λ)− 1732945945v8(λ)− 3464945945v10(λ)− 1732
945945
v12(λ) +
6928
945945
v14(λ)]j8(λρ)
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1 2 3
1 7 [− 1
20
+ 5
168
v1(λ) +
1
20
v2(λ) +
23
420
v3(λ) +
11
60
v4(λ) +
1
20
v5(λ)
− 2
105
v7(λ) +
19
210
v9(λ)− 2105v10(λ)− 2105v11(λ)
+ 2
35
v13(λ) +
23
735
v14(λ)− 4105v15(λ)]j0(λρ)
+[ 45
1372
− 61
2744
v1(λ)− 35312348v2(λ)− 371372v3(λ)− 124112348v4(λ)− 431764v5(λ)
+ 26
3087
v6(λ)− 21029v7(λ)− 523087v8(λ)− 2636174v9(λ)− 21029v10(λ)− 263v11(λ)− 52
3087
v12(λ) +
4
1029
v14(λ) +
4
63
v15(λ)]j2(λρ)
+[ 3
35
− 4
77
v1(λ)− 335v2(λ)− 39385v3(λ)− 1135v4(λ)− 335v5(λ)
+ 2
55
v7(λ) +
541
18865
v9(λ) +
2
55
v10(λ)− 255v11(λ)− 32
385
v13(λ)− 455v14(λ) + 455v15(λ)]j2(λρ)
+[ 2
3773
v1(λ)− 163773v2(λ)− 12811319v3(λ)− 81029v5(λ)− 8
1029
v6(λ)+
80
3773
v7(λ)+
16
1029
v8(λ)− 81617v9(λ)+ 803773v10(λ)+ 161617v11(λ)
+ 16
1029
v12(λ)− 641617v13(λ)− 32539v14(λ)− 321617v15(λ)]j6(λρ)
+[ 1
6615
v1(λ) +
2
6615
v2(λ) +
16
6615
v3(λ) +
4
6615
v5(λ)
+ 4
6615
v6(λ)− 166615v7(λ)− 86615v8(λ)− 166615v10(λ)− 8
6615
v12(λ) +
32
6615
v14(λ)]j8(λρ)
1 8 [−1
7
+ 493
20790
v1(λ) +
2
11
v2(λ) +
2657
18865
v3(λ) +
331
189
v4(λ)− 577v5(λ)−16
77
v6(λ)− 2477v7(λ) + 1077v8(λ) + 80489261v9(λ) + 2077v10(λ)− 1
77
v12(λ) +
48
77
v14(λ)− 67v15(λ)]j2(λρ)
+[ 982
3087
+ 20119
80262
v1(λ)− 257531147147v2(λ)− 363296441441v3(λ)− 137303087 v4(λ)− 4596763063v5(λ)−155317
441441
v6(λ)+
395224
441441
v7(λ)+
588002
441441
v8(λ)+
41689
15435
v9(λ)+
252718
441441
v10(λ)+
932
2205
v11(λ)
+159392
441441
v12(λ)− 404441v13(λ)− 395690441441v14(λ)− 12249 v15(λ)]j4(λρ)
+[− 415
2058
v1(λ) +
49732
169785
v2(λ)− 2434456595v3(λ)− 2926356595v5(λ)−29263
56595
v6(λ) +
39236
11319
v7(λ) +
121267
56595
v8(λ) − 43105v9(λ) − 5478456595v10(λ) +
86
105
v11(λ)
− 281
3773
v12(λ)− 344105v13(λ)− 30441155v14(λ)− 172105v15(λ)]j6(λρ)
+[ 9
1430
v1(λ) +
9
715
v2(λ) +
72
715
v3(λ) +
18
715
v5(λ)
+ 18
715
v6(λ)− 72715v7(λ)− 36715v8(λ)− 72715v10(λ)− 36
715
v12(λ) +
144
715
v14(λ)]j8(λρ)
1 9 [− 5
14
+ 3347
13860
v1(λ) +
163
462
v2(λ) +
157321
339570
v3(λ) +
17
14
v4(λ) +
61
154
v5(λ)
+ 3
77
v6(λ) +
32
77
v7(λ)− 29231v8(λ) + 19663087v9(λ) + 8231v10(λ)− 521v11(λ)− 1
33
v12(λ)− 1621v13(λ)− 104231v14(λ) + 121v15(λ)]j2(λρ)
+[1
7
− 837
4004
v1(λ) +
1224
7007
v2(λ) +
292
1001
v3(λ) +
5
7
v4(λ)− 831001v5(λ)
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1 2 3
+ 974
21021
v6(λ) +
478
7007
v7(λ) − 2481911v8(λ) − 121249113190v9(λ) − 44637v10(λ) −
447
3695
v11(λ)
− 1168
21021
v12(λ)− 628539v13(λ) + 67007v14(λ) + 10601617v15(λ)]j4(λρ)
+[ 151
2695
v1(λ)− 1094410v2(λ) + 30768085v3(λ)− 298085v5(λ)− 29
8085
v6(λ)− 3941617v7(λ)− 17735v8(λ)− 38385v9(λ)− 649v10(λ) + 76385v11(λ)
+ 101
2695
v12(λ)− 303385v13(λ)− 8155v14(λ)− 152385v15(λ)]j6(λρ)
+[− 1
1430
v1(λ)− 1715v2(λ)− 8715v3(λ)− 2715v5(λ)− 2
715
v6(λ) +
8
715
v7(λ) +
4
715
v8(λ) +
8
715
v10(λ)
+ 4
715
v12(λ)− 16715v14(λ)]j8(λρ)
1 10 [− 3
14
+ 2341
13860
v1(λ) +
31
154
v2(λ) +
85643
339570
v3(λ) +
1
2
v4(λ) +
131
462
v5(λ)
− 17
231
v6(λ) +
2
231
v7(λ) +
4
77
v8(λ) +
724
3087
v9(λ)− 377v10(λ) + 521v11(λ)− 10
231
v12(λ)− 221v13(λ)− 92231v14(λ) + 821v15(λ)]j2(λρ)
+[2
7
− 47
154
v1(λ) +
103
539
v2(λ)− 577v3(λ)− 1277v5(λ)− 18
539
v6(λ)+
298
539
v7(λ)− 15539v8(λ)− 2218918865v9(λ)− 37539v10(λ)+ 225724255v11(λ)− 67
539
v12(λ)− 998539v13(λ) + 47539v14(λ) + 117539v15(λ)]j4(λρ)
+[ 17
660
v1(λ) +
79
13860
v2(λ) +
38
165
v3(λ) +
4
55
v5(λ)
+ 4
55
v6(λ)− 2155v7(λ)− 34165v8(λ) + 166v9(λ)− 23165v10(λ)− 133v11(λ)− 14
165
v12(λ) +
4
33
v13(λ) +
194
385
v14(λ) +
2
33
v15(λ)]j6(λρ)
+[ 1
330
v1(λ) +
1
165
v2(λ) +
8
165
v3(λ) +
2
165
v5(λ)
+ 2
165
v6(λ)− 8165v7(λ)− 4165v8(λ)− 8165v10(λ)− 4
165
v12(λ) +
16
165
v14(λ)]j8(λρ)
1 11 [ 3
14
− 127
924
v1(λ)− 522v2(λ)− 1478967914v3(λ)− 6563v4(λ)− 50231v5(λ)
+ 16
231
v6(λ) +
8
77
v7(λ) +
4
77
v8(λ)− 13453087v9(λ)− 20231v10(λ)− 10
231
v12(λ)− 4231v14(λ)]j2(λρ)
+[−2
7
+ 136
1001
v1(λ) +
7727
21021
v2(λ) +
408
1001
v3(λ) +
10
7
v4(λ) +
633
2002
v5(λ)
+ 6140
63063
v6(λ) − 368021021v7(λ) − 323263063v8(λ) − 8723087v9(λ) − 173021021v10(λ) −
10
441
v11(λ)
− 3310
63063
v12(λ) +
4
147
v13(λ) +
5410
21021
v14(λ)− 22441v15(λ)]j4(λρ)
+[ 7
330
v1(λ)− 683465v2(λ) + 16165v3(λ) + 4165v5(λ)
+ 4
165
v6(λ)− 1255v7(λ)− 655v8(λ) + 4165v10(λ)
+ 2
165
v12(λ) +
48
385
v14(λ)]j6(λρ)
+[− 3
1430
v1(λ)− 3715v2(λ)− 24715v3(λ)− 6715v5(λ)− 6
715
v6(λ) +
24
715
v7(λ) +
12
715
v8(λ) +
24
715
v10(λ)
+ 12
715
v12(λ)− 48715v14(λ)]j8(λρ)
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1 2 3
1 12 [ 3
28
− 157
3080
v1(λ)− 103924v2(λ)− 46153226380v3(λ)− 14v4(λ)− 107924v5(λ)− 2
231
v6(λ)− 25231v7(λ) + 4231v8(λ)− 2261029v9(λ)− 25231v10(λ)
+ 4
231
v12(λ) +
3
7
v13(λ) +
50
231
v14(λ)]j2(λρ)
+[− 200
1029
+ 72763
588588
v1(λ) +
8290
49049
v2(λ) +
68591
294294
v3(λ) +
265
1029
v4(λ) +
3020
21021
v5(λ)
− 7460
147147
v6(λ)− 14204147147v7(λ) + 14920147147v8(λ) + 191490v9(λ)− 14204147147v10(λ) +
43
245
v11(λ)
+ 14920
147147
v12(λ) +
118
147
v13(λ) +
28408
147147
v14(λ)− 46147v15(λ)]j4(λρ)
+[ 37
10780
v1(λ)− 11980v2(λ)− 342695v3(λ)− 542695v5(λ)− 54
2695
v6(λ) +
25
539
v7(λ) +
108
2695
v8(λ)− 13770v9(λ) + 25539v10(λ) + 13385v11(λ)
+ 108
2695
v12(λ)− 52385v13(λ)− 58385v14(λ)− 26385v15(λ)]j6(λρ)
+[− 7
4290
v1(λ)− 72145v2(λ)− 562145v3(λ)− 142145v5(λ)− 14
2145
v6(λ) +
56
2145
v7(λ) +
28
2145
v8(λ) +
56
2145
v10(λ)
+ 28
2145
v12(λ)− 1122145v14(λ)]j8(λρ)
1 13 [2
7
− 89
462
v1(λ)− 67231v2(λ)− 890933957v3(λ)− 87v4(λ)− 1977v5(λ)
+ 3
77
v6(λ) +
8
231
v7(λ)− 29231v8(λ)− 4301029v9(λ)− 233v10(λ)− 1
33
v12(λ) +
2
77
v14(λ) +
2
7
v15(λ)]j2(λρ)
+[− 601
1029
+ 39866
147147
v1(λ) +
37376
49049
v2(λ) +
132806
147147
v3(λ) +
3299
1029
v4(λ) +
14533
21021
v5(λ)
+ 4929
49049
v6(λ)− 52414147147v7(λ)− 1267949049v8(λ)− 18501617v9(λ)− 39583147147v10(λ)−
29
1617
v11(λ)
− 7037
49049
v12(λ)− 381617v13(λ) + 91997147147v14(λ) + 2891617v15(λ)]j4(λρ)
+[ 19
330
v1(λ)− 463465v2(λ) + 2455v3(λ) + 155v5(λ)
+ 1
55
v6(λ)− 52165v7(λ)− 115v8(λ)− 111v9(λ)− 32165v10(λ) + 211v11(λ)− 1
165
v12(λ)− 811v13(λ) + 1881155v14(λ)− 411v15(λ)]j6(λρ)
+[− 1
1430
v1(λ)− 1715v2(λ)− 8715v3(λ)− 2715v5(λ)− 2
715
v6(λ) +
8
715
v7(λ) +
4
715
v8(λ) +
8
715
v10(λ)
+ 4
715
v12(λ)− 16715v14(λ)]j8(λρ)
1 14 [− 3
28
+ 13
168
v1(λ) +
3
28
v2(λ) +
359
4116
v3(λ) +
11
28
v4(λ) +
3
28
v5(λ)
− 2
21
v7(λ) +
166
1029
v9(λ) +
1
21
v10(λ)− 121v11(λ)
+ 4
21
v13(λ) +
1
21
v14(λ)− 121v15(λ)]j2(λρ)
+[1
7
− 235
4004
v1(λ)− 16227007v2(λ)− 81286v3(λ)− 67v4(λ)− 1571001v5(λ)− 445
42042
v6(λ) +
80
7007
v7(λ) +
461
42042
v8(λ) +
10331
22638
v9(λ) +
1733
14014
v10(λ) −
197
3234
v11(λ)
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1 2 3
+ 1319
42042
v12(λ) +
157
539
v13(λ)− 189314014v14(λ) + 1633234v15(λ)]j4(λρ)
+[− 3
220
v1(λ)− 171540v2(λ)− 26165v3(λ)− 4165v5(λ)− 4
165
v6(λ) +
7
55
v7(λ) +
8
165
v8(λ) +
1
66
v9(λ) +
7
55
v10(λ)− 133v11(λ)
+ 8
165
v12(λ) +
4
33
v13(λ)− 78385v14(λ) + 233v15(λ)]j4(λρ)
+[− 71
44590
v1(λ)− 7122295v2(λ)− 56822295v3(λ)− 14222295v5(λ)− 142
22295
v6(λ) +
568
22295
v7(λ) +
284
22295
v8(λ) +
568
22295
v10(λ)
+ 284
22295
v12(λ)− 113622295v14(λ)]j8(λρ)
1 15 [− 1
28
+ 17
616
v1(λ) +
29
924
v2(λ) +
1039
45276
v3(λ) +
1
28
v4(λ) +
25
924
v5(λ)
− 2
231
v6(λ)− 177v7(λ) + 4231v8(λ) + 652058v9(λ)− 177v10(λ) + 121v11(λ)
+ 4
231
v12(λ) +
2
21
v13(λ) +
2
77
v14(λ)− 221v15(λ)]j2(λρ)
+[117
486
− 4075
49049
v1(λ)− 1839398098v2(λ)− 1433149049v3(λ)− 683686v4(λ)− 286514014v5(λ)− 1662
49049
v6(λ) +
4555
49049
v7(λ) +
3324
49049
v8(λ) +
3865
7546
v9(λ) +
4555
49049
v10(λ) +
23
539
v11(λ)
+ 3324
49049
v12(λ) +
62
539
v13(λ)− 911049049v14(λ)− 46539v15(λ)]j4(λρ)
+[− 311
37730
v1(λ)− 26118865v2(λ)− 690456595v3(λ)− 158656595v5(λ)− 1586
56595
v6(λ) +
2208
18865
v7(λ) +
3172
56595
v8(λ) +
4
617
v9(λ) +
2208
18865
v10(λ) −
8
1617
v11(λ)
+ 3172
56595
v12(λ) +
32
1617
v13(λ)− 6082695v14(λ) + 161617v15(λ)]j6(λρ)
+[− 1
1430
v1(λ)− 1715v2(λ)− 8715v3(λ)− 2715v5(λ)− 2
715
v6(λ) +
8
715
v7(λ) +
4
715
v8(λ) +
8
715
v10(λ)
+ 4
715
v12(λ)− 16715v14(λ)]j8(λρ)
1 16 [ 3
56
− 3
112
v1(λ)− 356v2(λ)− 652744v3(λ)− 1156v4(λ)− 356v5(λ)−34
43
v9(λ)− 17v13(λ)]j2(λρ)
+[− 79
1029
+ 12169
294294
v1(λ) +
7779
98098
v2(λ) +
86105
588588
v3(λ) +
937
2058
v4(λ) +
1720
21021
v5(λ)
+ 743
147147
v6(λ)− 3973147147v7(λ)− 1486147147v8(λ)− 113686v9(λ)− 3973147147v10(λ) +
1
147
v11(λ)
− 1486
147147
v12(λ)− 25147v13(λ) + 7946147147v14(λ)− 2147v15(λ)]j4(λρ)
+[− 52939
226380
v1(λ) +
54997
226380
v2(λ)− 6160656595v3(λ) + 2213656595v5(λ)
+22136
56595
v6(λ)−1346956595v7(λ)−4427256595v8(λ)+6598v9(λ)−1346956595v10(λ)−6549v11(λ)−44272
56595
v12(λ) +
260
49
v13(λ) +
22234
8085
v14(λ) +
130
49
v15(λ)]j6(λρ)
+[ 1
780
v1(λ) +
1
390
v2(λ) +
4
195
v3(λ) +
1
195
v5(λ)
+ 1
195
v6(λ)− 4195v7(λ)− 2195v8(λ)− 4195v10(λ)− 2
195
v12(λ) +
8
195
v14(λ)]j8(λρ)
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Table 5: continued
1 2 3
1 17 [− 3
28
+ 95
1848
v1(λ) +
95
924
v2(λ) +
67
924
v3(λ) +
15
28
v4(λ) +
13
132
v5(λ)
− 2
231
v6(λ) +
8
231
v7(λ) +
4
231
v8(λ) +
3
14
v9(λ) +
8
231
v10(λ)
+ 4
231
v12(λ)− 16231v14(λ)]j2(λρ)
+[1
7
− 76
1001
v1(λ)− 1521001v2(λ)− 2151001v3(λ)− 57v4(λ)− 23143v5(λ)− 18
1001
v6(λ) +
72
1001
v7(λ) +
36
1001
v8(λ) +
2
7
v9(λ) +
72
1001
v10(λ)
+ 36
1001
v12(λ)− 1441001 ]j4(λρ)
+[− 1
330
v1(λ)− 1165v2(λ)− 8165v3(λ)− 2165v5(λ)− 2
165
v6(λ) +
8
165
v7(λ) +
4
165
v8(λ) +
8
165
v10(λ)
+ 4
165
v12(λ)− 16165v14(λ)]j6(λρ)
+[− 41
30030
v1(λ)− 4115015v2(λ)− 32815015v3(λ)− 8215015v5(λ)− 82
15015
v6(λ) +
328
15015
v7(λ) +
164
15015
v8(λ) +
328
15015
v10(λ)
+ 164
15015
v12(λ)− 65615015v14(λ)]j8(λρ)
1 18 [−2 + 331
286
v1(λ) +
279
143
v2(λ) +
438
143
v3(λ) + 10v4(λ) +
236
143
v5(λ)
+103
143
v6(λ)− 516143v7(λ)− 180143v8(λ) + 307385v9(λ)− 48143v10(λ)− 406495v11(λ)
+ 54
143
v12(λ) +
40
11
v13(λ)− 8143v14(λ) + 2011v15(λ)]j4(λρ)
+[ 2081
12705
v1(λ)− 413812705v2(λ) + 25612705v3(λ) + 11184235v5(λ)
+1118
4235
v6(λ)−2993612705v7(λ)−60864235v8(λ)+ 94363v9(λ)+1626412705v10(λ)−188363v11(λ)
+1614
4235
v12(λ) +
752
363
v13(λ) +
11752
12705
v14(λ) +
376
363
v15(λ)]j6(λρ)
+[− 7
390
v1(λ)− 7195v2(λ)− 56195v3(λ)− 14195v5(λ)− 14
195
v6(λ) +
56
195
v7(λ) +
28
195
v8(λ) +
56
195
v10(λ)
+ 28
195
v12(λ)− 112195v14(λ)]j8(λρ)
1 19 [−1 + 53
286
v1(λ) +
7600
3003
v2(λ) +
359
143
v3(λ) + 9v4(λ) +
381
286
v5(λ)
−2084
9009
v6(λ) − 13123003v7(λ) − 104969009 v8(λ) − 150984851 v9(λ) − 17803003v10(λ) +
536
693
v11(λ)
+ 74
819
v12(λ)− 920231v13(λ) + 30923003v14(λ) + 776693v15(λ)]j4(λρ)
+[109
770
v1(λ)− 19165v2(λ) + 312385v3(λ)− 1235v5(λ)−12
35
v6(λ) +
248
385
v7(λ) +
334
385
v8(λ)− 611v9(λ)− 32385v10(λ) + 1211v11(λ)
+194
385
v12(λ)− 4811v13(λ)− 856385v14(λ)− 2411v15(λ)]j4(λρ)
+[− 219
5005
v1(λ)− 4385005v2(λ)− 35045005v3(λ)− 8765005v5(λ)− 876
5005
v6(λ) +
3504
5005
v7(λ) +
1752
5005
v8(λ) +
3504
5005
v10(λ)
+1752
5005
v12(λ)− 70085005v14(λ)]j8(λρ)
1 20 [ 75
572
v1(λ) +
5
143
v2(λ)− 116143v3(λ) + 10143v5(λ)
+ 10
143
v6(λ) +
38
143
v7(λ)− 20143v8(λ) + 529770v9(λ) + 38143v10(λ) + 53165v11(λ)− 20
143
v12(λ)− 2011v13(λ)− 76143v14(λ)− 1011v15(λ)]j4(λρ)
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1 2 3
+[− 7
66
v1(λ) +
37
462
v2(λ)− 2033v3(λ) + 433v5(λ)
+ 4
33
v6(λ) +
2
33
v7(λ)− 833v8(λ) + 311v9(λ) + 233v10(λ)− 611v11(λ)− 8
33
v12(λ) +
24
11
v13(λ) +
188
231
v14(λ) +
12
11
v15(λ)]j6(λρ)
+[ 1
78
v1(λ) +
1
39
v2(λ) +
8
39
v3(λ) +
2
39
v5(λ)
+ 2
39
v6(λ)− 839v7(λ)− 439v8(λ)− 839v10(λ)− 4
39
v12(λ) +
16
39
v14(λ)]j8(λρ)
1 21 [ 51
286
v1(λ)− 5791001v2(λ)− 86143v3(λ)− 2v4(λ)− 15143v5(λ)− 487
6006
v6(λ)− 1591v7(λ)+ 10916006v8(λ)+ 31481617v9(λ)+ 5152002v10(λ)+ 13462v11(λ)
+ 857
6006
v12(λ) +
171
77
v13(λ)− 1852002v14(λ)− 257462v15(λ)]j4(λρ)
+[− 109
1540
v1(λ) +
23
660
v2(λ)− 74165v3(λ)− 971155v5(λ)− 97
1155
v6(λ) +
261
385
v7(λ) +
359
1155
v8(λ) +
13
462
v9(λ) +
41
385
v10(λ)− 13231v11(λ)
+ 29
1155
v12(λ) +
52
231
v13(λ)− 202385v14(λ) + 2631v15(λ)]j6(λρ)
+[ 41
4290
v1(λ) +
41
2145
v2(λ) +
328
2145
v3(λ) +
82
2145
v5(λ)
+ 82
2145
v6(λ)− 3282145v7(λ)− 1642145v8(λ)− 3282145v10(λ)− 164
2145
v12(λ) +
656
2145
v14(λ)]j8(λρ)
1 22 [1
2
− 163
572
v1(λ)− 137286v2(λ)− 199286v3(λ)− 52v4(λ)− 157286v5(λ)− 7
143
v6(λ) +
54
143
v7(λ) +
27
143
v8(λ) +
1
7
v9(λ) +
2
143
v10(λ)
+ 1
143
v12(λ)− 56143v14(λ)]j4(λρ)
+[ 3
385
v1(λ) +
37
770
v2(λ) +
284
1155
v3(λ) +
106
1155
v5(λ)
+ 106
1155
v6(λ)− 118385v7(λ)− 2121155v8(λ) + 133v9(λ)− 118385v10(λ)− 233v11(λ)− 212
1155
v12(λ) +
8
33
v13(λ) +
276
385
v14(λ) +
4
33
v15(λ)]j6(λρ)
+[ 829
30030
v1(λ) +
829
15015
v2(λ) +
6632
15015
v3(λ) +
1658
15015
v5(λ)
+ 1658
15015
v6(λ)− 663215015v7(λ)− 331615015v8(λ)− 663215015v10(λ)− 3316
15015
v12(λ) +
13264
15015
v14(λ)]j8(λρ)
1 23 [− 5
143
v1(λ) +
3
143
v2(λ) +
87
286
v3(λ) + v4(λ) +
6
143
v5(λ)
+ 6
143
v6(λ) +
2
143
v7(λ)− 12143v8(λ)− 479539v9(λ) + 2143v10(λ)− 211v11(λ)− 12
143
v12(λ)− 1411v13(λ)− 4143v14(λ) + 411v15(λ)]j4(λρ)
+[− 149
2310
v1(λ)− 732310v2(λ)− 7721155v3(λ)− 8105v5(λ)− 8
105
v6(λ) +
562
1155
v7(λ) +
16
105
v8(λ) +
1
11
v9(λ) +
562
1155
v10(λ)− 211v11(λ)
+ 16
105
v12(λ) +
8
11
v13(λ)− 7641155v14(λ) + 411v15(λ)]j6(λρ)
+[− 5129
210210
v1(λ)− 2129105105v2(λ)− 41032105105v3(λ)− 10258105105v5(λ)− 10258
105105
v6(λ) +
41032
105105
v7(λ) +
20516
105105
v8(λ) +
41032
105105
v10(λ)
+ 20516
105105
v12(λ)− 82064105105v14(λ)]j8(λρ)
1 24 [1− 84
143
v1(λ)− 142143v2(λ)− 239143v3(λ)− 5v4(λ)− 141143v5(λ)
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Table 5: continued
1 2 3
+ 2
143
v6(λ) +
4
13
v7(λ)− 4143v8(λ) + 8077v9(λ) + 413v10(λ)− 411v11(λ)− 4
143
v12(λ) +
16
11
v13(λ)− 813v14(λ) + 811v15(λ)]j4(λρ)
+[− 23
1155
v1(λ) +
179
1155
v2(λ) +
472
1155
v3(λ) +
328
1155
v5(λ)
+ 328
1155
v6(λ)− 8921155v7(λ)− 6561155v8(λ) + 211v9(λ)− 8921155v10(λ)− 411v11(λ)− 656
1155
v12(λ) +
16
11
v13(λ) +
2504
1155
v14(λ) +
8
11
v15(λ)]j6(λρ)
+[ 2027
30030
v1(λ) +
2027
15015
v2(λ) +
16216
15015
v3(λ) +
4054
15015
v5(λ)
+ 4054
15015
v6(λ)− 1621615015v7(λ)− 810815015v8(λ)− 1621615015v10(λ)− 8108
15015
v12(λ) +
32432
15015
v14(λ)]j8(λρ)
1 25 [−1
2
+ 40
143
v1(λ) +
147
286
v2(λ) +
227
286
v3(λ) +
5
2
v4(λ) +
151
286
v5(λ)
+ 4
143
v6(λ)− 29143v7(λ)− 8143v8(λ)− 117154v9(λ)− 29143v10(λ) + 111v11(λ)− 8
143
v12(λ)− 411v13(λ) + 58143v14(λ)− 211v15(λ)]j4(λρ)
+[ 3
140
v1(λ)− 91540v2(λ) + 62385v3(λ)− 2385v5(λ)− 2
385
v6(λ)− 27385v7(λ) + 4385v8(λ)− 122v9(λ)− 27385v10(λ) + 111v11(λ)
+ 4
385
v12(λ)− 411v13(λ)− 6385v14(λ)− 211v15(λ)]j6(λρ)
+[− 83
4290
v1(λ)− 832145v2(λ)− 6642145v3(λ)− 1662145v5(λ)− 166
2145
v6(λ) +
664
2145
v7(λ) +
332
2145
v8(λ) +
664
2145
v10(λ)
+ 332
2145
v12(λ)− 13282145v14(λ)]j8(λρ)
1 26 +[− 9
70
v1(λ) +
43
105
v2(λ) +
64
105
v3(λ)− 19105v5(λ)− 19
105
v6(λ) +
72
35
v7(λ) +
143
105
v8(λ)− 13v9(λ)− 6835v10(λ) + 23v11(λ)− 67
105
v12(λ)− 83v13(λ)− 435v14(λ)− 43v15(λ)]j6(λρ)
+[− 1
30
v1(λ)− 115v2(λ)− 815v3(λ)− 215v5(λ)− 2
15
v6(λ) +
8
15
v7(λ) +
4
15
v8(λ) +
8
15
v10(λ)
+ 4
15
v12(λ)− 1615v14(λ)]j8(λρ)
1 27 +[13
60
v1(λ)− 43420v2(λ) + 2215v3(λ)− 215v5(λ)− 2
15
v6(λ)− 715v7(λ) + 415v8(λ)− 12v9(λ)− 715v10(λ) + v11(λ)
+ 4
15
v12(λ)− 4v13(λ)− 82105v14(λ)− 2v15(λ)]j6(λρ)
+[− 1
30
v1(λ)− 115v2(λ)− 815v3(λ)− 215v5(λ)− 2
15
v6(λ) +
8
15
v7(λ) +
4
15
v8(λ) +
8
15
v10(λ)
+ 4
15
v12(λ)− 1615v14(λ)]j8(λρ)
1 28 +[− 1
30
v1(λ)− 115v2(λ)− 815v3(λ)− 215v5(λ)− 2
15
v6(λ) +
8
15
v7(λ) +
4
15
v8(λ) +
8
15
v10(λ)
+ 1
15
v12(λ)− 1615v14(λ)]j6(λρ)
+[− 1
30
v1(λ)− 115v2(λ)− 815v3(λ)− 215v5(λ)− 2
15
v6(λ) +
8
15
v7(λ) +
4
15
v8(λ) +
8
15
v10(λ)
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Table 5: continued
1 2 3
+ 4
15
v12(λ)− 1615v14(λ)]j8(λρ)
1 29 [1
2
v1(λ) + v2(λ) + 8v3(λ) + 2v5(λ)
+2v6(λ)− 8v7(λ)− 4v8(λ)− 8v10(λ)
−4v12(λ) + 16v14(λ)]j8(λρ)
2 1 [ 8
15
v16(λ)− 44105v17(λ) + 92945v18(λ)− 128245v19(λ) + 416441v20(λ)− 32
105
v21(λ)]j0(λρ)
+[ 2440
14553
− 1040
2079
v16(λ)− 256114553v17(λ)− 13811323v18(λ) + 4021v19(λ)
+13760
9261
v20(λ)− 923214553v21(λ)]j2(λρ)
+[ 296
1001
− 3670552
2207205
v16(λ)− 86565005v17(λ) + 51284851v18(λ)− 1152385 v19(λ)
+192
77
v20(λ)− 19685005v21(λ)]j4(λρ)
+[24
55
− 328
385
v16(λ) +
72
385
v17(λ)− 9677v18(λ) + 19277 v19(λ)
+1696
2695
v20(λ)− 864539v21(λ)]j6(λρ)
+[ 294664
1576575
− 294664
1576575
v16(λ)− 2946641576575v17(λ)− 11786561576575v21(λ)]j8(λρ)
2 2 [− 4
315
− 8
315
v16(λ) +
8
63
v17(λ)− 4105v18(λ) + 88735v19(λ)− 64
735
v20(λ)− 32315v21(λ)]j0(λρ)
[− 7594
11319
+ 12974
3773
v16(λ)− 7692167914v17(λ) + 122836174 v18(λ)− 47481029v19(λ)−1748
441
v20(λ) +
28220
11319
v21(λ)]j2(λρ)
+[− 152
5005
− 31916
245245
v16(λ) +
254
1001
v17(λ)− 52539v18(λ)− 332385v19(λ)− 36
385
v20(λ)− 188715v21(λ)]j4(λρ)
+[−12678
18865
+ 11894
3773
v16(λ)− 140528169785v17(λ) + 5680633957v18(λ)− 20566456595 v19(λ)−195304
56595
v20(λ) +
388928
169785
v21(λ)]j6(λρ)
+[− 13864
270725
+ 13864
270725
v16(λ) +
13864
270725
v17(λ) +
55456
270725
v21(λ)]j8(λρ)
2 3 [− 1
315
− 83
315
v16(λ) +
52
315
v17(λ)− 13315v18(λ) + 256735v19(λ)−344
735
v20(λ) +
8
63
v21(λ)]j0(λρ)
[− 31
693
+ 1823
4851
v16(λ)− 2351386v17(λ) + 281882v18(λ)− 47v19(λ)− 164
3087
v20(λ) +
256
693
v21(λ)]j2(λρ)
+[− 633
5005
+ 1996739
2207205
v16(λ) +
5127
10010
v17(λ)− 1721948510v18(λ) + 15277 v19(λ)−276
385
v20(λ) +
236
1001
v21(λ)]j4(λρ)
+[− 89
693
+ 85
693
v16(λ)− 76693v17(λ) + 95231v18(λ)− 248231v19(λ)−12
49
v20(λ) +
1304
1617
v21(λ)]j6(λρ)
+[− 45736
945945
+ 45736
945945
v16(λ) +
45736
945945
v17(λ) +
182944
945945
v21(λ)]j8(λρ)
2 4 [− 2
315
− 16
315
v16(λ) +
2
315
v17(λ) +
8
105
v19(λ)
− 8
105
v20(λ) +
8
315
v21(λ)]j0(λρ)
[− 32
693
+ 14
99
v16(λ) +
95
2772
v17(λ) +
1
84
v18(λ) +
2
21
v19(λ)
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Table 5: continued
1 2 3
− 100
1029
v20(λ) +
128
693
v21(λ)]j2(λρ)
+[− 326
5005
+ 25118
49049
v16(λ) +
911
5005
v17(λ)− 977v18(λ) + 564385v19(λ)−204
385
v20(λ) +
1304
5005
v21(λ)]j4(λρ)
+[ 808
47355
− 4184
15785
v16(λ)− 144847355v17(λ) + 1289471v18(λ)− 476815785v19(λ)
+ 3328
47355
v20(λ) +
15616
47355
v21(λ)]j6(λρ)
+[− 33752
17628975
+ 33752
17628975
v16(λ) +
33752
17628975
v17(λ) +
135008
17628975
v21(λ)]j8(λρ)
2 5 [ 1
315
+ 11
315
v16(λ)− 16315v17(λ) + 2105v18(λ)− 103735v19(λ)
+ 22
245
v20(λ) +
2
45
v21(λ)]j0(λρ)
[ 17
1386
− 89
1078
v16(λ) +
131
2772
v17(λ)− 1971764v18(λ) + 421v19(λ)
+ 1
3087
v20(λ)− 1693v21(λ)]j2(λρ)
+[ 39857
1471470
− 246167
1471470
v16(λ)− 110573980980v17(λ) + 502975460v18(λ)− 755218865v19(λ)
+1394
8085
v20(λ)− 325166885v21(λ)]j4(λρ)
+[ 10093
339570
− 10873
339570
v16(λ) +
5426
169785
v17(λ)− 654167914v18(λ) + 302811319v19(λ)
+ 12814
169785
v20(λ)− 698033957v21(λ)]j6(λρ)
+[ 13984
945945
− 13984
945945
v16(λ)− 13984945945v17(λ)− 55936945945v21(λ)]j8(λρ)
2 6 [ 4
315
+ 44
315
v16(λ)− 11630v17(λ) + 1210v18(λ)− 415v19(λ)
+ 8
35
v20(λ)− 16315v21(λ)]j0(λρ)
[ 34
693
− 166
693
v16(λ)− 372772v17(λ)− 128v18(λ) + 221v19(λ)
+ 12
343
v20(λ)− 136693v21(λ)]j2(λρ)
+[ 272
5005
− 116548
245245
v16(λ)− 8445005v17(λ) + 435v18(λ)− 444385v19(λ)
+ 92
385
v20(λ)− 10885005v21(λ)]j4(λρ)
+[ 58
3465
+ 302
3465
v16(λ) +
272
3465
v17(λ)− 221v18(λ) + 1633v19(λ)
+ 3176
24255
v20(λ)− 240539v21(λ)]j6(λρ)
+[− 3464
945945
+ 3464
945945
v16(λ) +
3464
945945
v17(λ) +
13856
945945
v21(λ)]j8(λρ)
2 7 [+ 1
105
− 4
105
v16(λ) +
1
210
v17(λ)− 170v18(λ) + 835v19(λ)− 4
35
v20(λ)− 4105v21(λ)]j0(λρ)
[+ 41
2058
− 43
1029
v16(λ)− 138232v17(λ)− 1518232v18(λ)− 15343v19(λ)
+ 116
1029
v20(λ)− 821029v21(λ)]j2(λρ)
+[− 1
55
+ 2843
18865
v16(λ) +
43
770
v17(λ)− 29770v18(λ) + 162385v19(λ)− 46
385
v20(λ) +
4
55
v21(λ)]j4(λρ)
+[ 26
3773
− 1174
11319
v16(λ)− 12811319v17(λ) + 5011319v18(λ)− 4323773v19(λ)
+ 328
11319
v20(λ) +
1424
11319
v21(λ)]j6(λρ)
+[− 16
615
+ 16
615
v16(λ) +
16
615
v17(λ) +
64
615
v21(λ)]j8(λρ)
2 8 [− 2
77
+ 102
539
v16(λ)− 29154v17(λ) + 6998v18(λ)− 47v19(λ)
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1 2 3
− 4
343
v20(λ) +
52
77
v21(λ)]j2(λρ)
+[− 74846
147147
+ 1757810
441441
v16(λ) +
105657
49049
v17(λ)− 38033087v18(λ) + 178403773 v19(λ)−440
147
v20(λ) +
25132
13377
v21(λ)]j4(λρ)
+[−79304
56595
− 110648
169785
v16(λ) +
101138
56595
v17(λ) +
4166
1029
v18(λ)− 3923211319v19(λ)
+93568
15435
v20(λ) +
34024
56595
v21(λ)]j6(λρ)
+[− 72
715
+ 72
715
v16(λ) +
72
715
v17(λ) +
288
715
v21(λ)]j8(λρ)
2 9 [− 1
77
+ 899
4851
v16(λ)− 144v17(λ)− 611764v18(λ)− 221v19(λ)
+ 422
3087
v20(λ) +
34
231
v21(λ)]j2(λρ)
+[ 85
1001
− 100739
147147
v16(λ)− 145286v17(λ) + 9953234v18(λ)− 1277v19(λ)−72
77
v20(λ)− 21001v21(λ)]j4(λρ)
+[1234
8085
+ 1874
24255
v16(λ) +
862
2695
v17(λ)− 320539v18(λ) + 177928085 v19(λ)
+15352
24255
v20(λ)− 151288085 v21(λ)]j6(λρ)
+[ 8
715
− 8
715
v16(λ)− 8715v17(λ)− 32715v21(λ)]j8(λρ)
2 10 [ 2
231
− 20
4851
v16(λ) +
25
924
v17(λ)− 4311764v18(λ) + 221v19(λ)−1112
3087
v20(λ) +
12
77
v21(λ)]j2(λρ)
+[10
77
− 2060
3773
v16(λ)− 5177v17(λ) + 149539v18(λ)− 1677v19(λ)−48
77
v20(λ) +
12
77
v21(λ)]j4(λρ)
+[ 4
55
+ 364
495
v16(λ) +
6
55
v17(λ)− 1433v18(λ) + 5633v19(λ)− 808
3465
v20(λ)− 3221v21(λ)]j6(λρ)
+[− 8
165
+ 8
165
v16(λ) +
8
165
v17(λ) +
32
165
v21(λ)]j8(λρ)
2 11 [ 5
154
− 733
9702
v16(λ)− 19924v17(λ)− 5151764v18(λ) + 221v19(λ)− 320
3087
v20(λ)− 52231v21(λ)]j2(λρ)
+[ 9
91
− 368633
441441
v16(λ)− 5232002v17(λ) + 26339702v18(λ)− 10077 v19(λ)− 6
1001
v21(λ)]j4(λρ)
+[ 1
10
+ 41
990
v16(λ)− 4165v17(λ)− 722v18(λ) + 2033v19(λ)− 586
3465
v20(λ)− 92231v21(λ)]j6(λρ)
+[ 24
715
− 24
715
v16(λ)− 24715v17(λ)− 96715v21(λ)]j8(λρ)
2 12 [ 8
231
− 41
231
v16(λ) +
5
264
v17(λ)− 356v18(λ) + 17v19(λ)
+ 34
343
v20(λ)− 32231v21(λ)]j2(λρ)
+[ 1124
49049
− 2047
49049
v16(λ)− 189149049v17(λ) + 593773v18(λ)− 35523773v19(λ)
+40
49
v20(λ)− 449649049v21(λ)]j4(λρ)
+[ 59
2695
− 687
2695
v16(λ)− 342695v17(λ)− 5539v18(λ)− 48245v19(λ)
+ 284
2695
v20(λ) +
632
2695
v21(λ)]j6(λρ)
+[ 56
2145
− 56
2145
v16(λ)− 562145v17(λ)− 2242145v21(λ)]j8(λρ)
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2 13 [ 8
231
− 982
4851
v16(λ) +
89
924
v17(λ)− 131764v18(λ)− 221v19(λ)
+ 242
3087
v20(λ)− 76231v21(λ)]j2(λρ)
+[ 9729
49049
− 280087
147147
v16(λ)− 6998998098v17(λ) + 1168922638v18(λ)− 121323773 v19(λ)
+128
539
v20(λ)− 3636849049v21(λ)]j4(λρ)
+[ 23
165
+ 191
495
v16(λ) +
62
165
v17(λ)− 711v18(λ) + 83v19(λ)
+188
315
v20(λ)− 544231v21(λ)]j6(λρ)
+[ 8
715
− 8
715
v16(λ)− 8715v17(λ)− 32715v21(λ)]j8(λρ)
2 14 [− 1
42
− 1
294
v16(λ) +
5
168
v17(λ) +
59
392
v18(λ) +
1
7
v19(λ)
+ 263
1029
v20(λ)− 121v21(λ)]j2(λρ)
+[− 74
1001
+ 80012
147147
v16(λ) +
577
2002
v17(λ)− 23147v18(λ) + 8177v19(λ)
+ 1
11
v20(λ) +
153
1001
v21(λ)]j4(λρ)
+[− 1
110
− 137
330
v16(λ)− 26165v17(λ) + 16v18(λ)− 1211v19(λ)− 158
1155
v20(λ) +
244
231
v21(λ)]j6(λρ)
+[ 568
22295
− 568
22295
v16(λ)− 56822295v17(λ)− 227222295v21(λ)]j8(λρ)
2 15 [− 1
77
− 8
231
v16(λ) +
13
1848
v17(λ) +
1
168
v18(λ) +
1
7
v19(λ)
− 52
343
v20(λ) +
4
77
v21(λ)]j2(λρ)
+[− 6217
98098
+ 63443
98098
v16(λ) +
40345
196196
v17(λ)− 214715092v18(λ) + 36993773v19(λ)
+ 85
539
v20(λ) +
12434
49049
v21(λ)]j4(λρ)
+[ 171
37730
− 49213
113190
v16(λ)− 690456595v17(λ) + 265922638v18(λ)− 33963773v19(λ)− 2626
56595
v20(λ) +
10124
11319
v21(λ)]j6(λρ)
+[ 8
715
− 8
715
v16(λ)− 8715v17(λ)− 32715v21(λ)]j8(λρ)
2 16 [ 1
14
v16(λ)− 5112v17(λ) + 5112v18(λ)− 314v19(λ)− 9343v20(λ)]j2(λρ)
+[ 786
49049
− 19629
98098
v16(λ)− 798198098v17(λ) + 4937546v18(λ)− 13563773v19(λ)− 8
49
v20(λ)− 314449049v21(λ)]j4(λρ)
+[− 86143
113190
+ 449923
113190
v16(λ)− 6160656595v17(λ) + 139577546 v18(λ)− 157883773 v19(λ)−256714
56595
v20(λ) +
10068
3773
v21(λ)]j6(λρ)
+[− 4
195
+ 4
195
v16(λ) +
4
195
v17(λ) +
16
195
v21(λ)]j8(λρ)
2 17 [− 17
462
+ 25
231
v16(λ) +
101
1848
v17(λ)− 156v18(λ) + 17v19(λ)
+ 34
231
v21(λ)]j2(λρ)
+[− 45
1001
+ 435
1001
v16(λ) +
285
2002
v17(λ)− 15154v18(λ) + 6077v19(λ)
+[ 1
330
− 61
330
v16(λ)− 8165v17(λ) + 122v18(λ)− 411v19(λ)− 2
165
v20(λ) +
4
11
v21(λ)]j6(λρ)
+[ 328
15015
− 328
1501
v16(λ)− 32815015v17(λ)− 13121505v21(λ)]j8(λρ)
2 18 [ 4
143
− 420
143
v16(λ)− 82143v17(λ) + 1411v18(λ)− 5611v19(λ)
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1 2 3
+ 8
11
v20(λ)− 224143v21(λ)]j4(λρ)
+[16084
12705
− 21284
12705
v16(λ)− 2284412705v17(λ)− 78882541v18(λ)− 96847v19(λ)−19312
4235
v20(λ) +
6704
2541
v21(λ)]j6(λρ)
+[ 56
195
− 56
195
v16(λ)− 56195v17(λ)− 224195v21(λ)]j8(λρ)
2 19 [ 4
13
− 19496
5733
v16(λ)− 447143v17(λ) + 1247693 v18(λ)− 8011v19(λ)
+ 8
11
v20(λ)− 384143v21(λ)]j4(λρ)
+[241
770
− 6023
2310
v16(λ) +
452
385
v17(λ)− 117154v18(λ) + 24477 v19(λ)
+4954
1155
v20(λ)− 281 v21(λ)]j6(λρ)
+[3504
5005
− 3504
5005
v16(λ)− 35045005v17(λ)− 140165005 v21(λ)]j8(λρ)
2 20 [− 14
143
+ 118
143
v16(λ) +
27
143
v17(λ)− 111v18(λ) + 1211v19(λ)− 4
11
v20(λ) +
56
143
v21(λ)]j4(λρ)
+[−10
33
+ 34
33
v16(λ)− 2033v17(λ) + 1011v18(λ)− 3211v19(λ)−40
21
v20(λ) +
16
7
v21(λ)]j6(λρ)
+[− 8
39
+ 8
39
v16(λ) +
8
39
v17(λ) +
32
39
v21(λ)]j8(λρ)
2 21 [− 31
143
+ 32117
21021
v16(λ) +
309
286
v17(λ)− 2542v18(λ) + 1811v19(λ)
+14
11
v20(λ) +
20
143
v21(λ)]j4(λρ)
+[− 9
35
− 683
1155
v16(λ)− 1881155v17(λ) + 229231v18(λ)− 3211v19(λ)
+ 188
1155
v20(λ) +
544
231
v21(λ)]j6(λρ)
+[− 328
2145
+ 328
2145
v16(λ) +
328
2145
v17(λ) +
1312
2145
v21(λ)]j8(λρ)
2 22 [− 9
286
+ 243
286
v16(λ) +
135
572
v17(λ)− 1544v18(λ) + 1811v19(λ)
+ 57
143
v21(λ)]j4(λρ)
+[− 41
770
+ 3023
2310
v16(λ) +
284
1155
v17(λ)− 89462v18(λ) + 15677 v19(λ)− 2
15
v20(λ)− 4421v21(λ)]j6(λρ)
+[− 6632
15015
+ 6632
15015
v16(λ) +
6632
15015
v17(λ) +
26528
15015
v21(λ)]j8(λρ)
2 23 [ 2
143
− 3439
7007
v16(λ)− 28143v17(λ) + 211v18(λ)−16
11
v20(λ)− 8143v21(λ)]j4(λρ)
+[− 83
1155
− 1657
1155
v16(λ)− 7721155v17(λ) + 5777v18(λ)− 34477 v19(λ)−124
165
v20(λ) +
328
77
v21(λ)]j6(λρ)
+[ 41032
105105
− 41032
105105
v16(λ)− 41032105105v17(λ)− 164128105105v21(λ)]j8(λρ)
2 24 [− 21
143
+ 255
143
v16(λ) +
237
286
v17(λ)− 1522v18(λ) + 4811v19(λ)
+12
11
v20(λ) +
84
143
v21(λ)]j4(λρ)
+[− 292
1155
+ 4372
1155
v16(λ) +
472
1155
v17(λ)− 1277v18(λ) + 32077 v19(λ)−16
15
v20(λ)− 327 v21(λ)]j6(λρ)
+[−16216
15015
+ 16216
15015
v16(λ) +
16216
15015
v17(λ) +
64864
15015
v21(λ)]j8(λρ)
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2 25 [ 3
26
− 345
286
v16(λ)− 261572v17(λ) + 1544v18(λ)− 2711v19(λ)− 3
11
v20(λ)− 613v21(λ)]j4(λρ)
+[ 18
385
+ 2
35
v16(λ) +
62
385
v17(λ)− 1677v18(λ) + 7277v19(λ)
+128
385
v20(λ)− 6477v21(λ)]j6(λρ)
+[ 664
2145
− 664
2145
v16(λ)− 6642145v17(λ)− 26562145v21(λ)]j8(λρ)
2 26 [−48
35
+ 128
35
v16(λ) +
274
105
v17(λ) +
58
21
v18(λ) +
32
7
v19(λ)
+192
35
v20(λ)− 15221 v21(λ)]j6(λρ)
+[ 8
15
− 8
15
v16(λ)− 815v17(λ)− 3215v21(λ)]j8(λρ)
2 27 [ 8
15
− 8
15
v16(λ) +
22
15
v17(λ)− 2v18(λ) + 8v19(λ)
+376
105
v20(λ)− 487 v21(λ)]j6(λρ)
+[ 8
15
− 8
15
v16(λ)− 815v17(λ)− 3215v21(λ)]j8(λρ)
2 28 [ 1
30
− 61
30
v16(λ)− 815v17(λ) + 12v18(λ)− 4v19(λ)
+ 2
15
v20(λ) + 4v21(λ)]j6(λρ)
+[ 8
15
− 8
15
v16(λ)− 815v17(λ)− 3215v21(λ)]j8(λρ)
2 29 [−8 + 8v16(λ) + 8v17(λ) + 32v21(λ)]j8(λρ)
3 1 [− 9176
19845
+ 10688
19845
v22(λ) +
5396
19845
v23(λ) +
2944
2835
v24(λ) +
32
105
v25(λ)
−544
405
v26(λ)]j0(λρ)
+[272
567
+ 808
567
v22(λ)− 129692138915v23(λ) + 368441v24(λ)− 208189v25(λ)
+9424
6615
v26(λ)]j2(λρ)
[− 8
35
− 24
55
v22(λ) +
408
385
v23(λ) +
40288
24255
v24(λ)− 304385v25(λ)
+128
35
v26(λ)]j4(λρ)
[−192
77
v22(λ)− 2477v23(λ) + 9677v24(λ)− 9677v25(λ)]j6(λρ)
3 2 [ 944
6615
− 188
6615
v22(λ)− 1886615v23(λ)− 1621v24(λ)− 32105v25(λ)
+ 8
35
v26(λ)]j0(λρ)
+[916
441
− 3496
441
v22(λ)− 1346735 v23(λ)− 176147v24(λ) + 248441v25(λ)
[+ 8
385
− 72
385
v22(λ) +
83
385
v23(λ) +
3532
4851
v24(λ)− 16385v25(λ)−148
385
v26(λ)]j4(λρ)
+[−200764
169785
+ 817756
169785
v22(λ) +
277888
169785
v23(λ) +
93032
169785
v24(λ)− 93032169785v25(λ)
+401528
169785
v26(λ)]j6(λρ)
3 3 [ 121
6615
− 877
6615
v22(λ) +
446
6615
v23(λ)− 64105v24(λ) + 8105v25(λ)
+ 8
155
v26(λ)]j0(λρ)
+[ 4
21
− 20
21
v22(λ)− 102243v23(λ)− 1621v24(λ)− 27v26(λ)]j2(λρ)
[ 71
385
+ 93
385
v22(λ)− 563770v23(λ)− 64728085v24(λ) + 3255v25(λ)−362
385
v26(λ)]j4(λρ)
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−148
385
v26(λ)]j4(λρ)
+[ 2
33
+ 78
77
v22(λ) +
17
231
v23(λ)− 152231v24(λ) + 152231v25(λ)− 4
33
v26(λ)]j6(λρ)
3 4 [− 116
2205
− 346
2205
v22(λ)− 522205v23(λ)− 16105v24(λ) + 16105v25(λ)
+ 8
105
v26(λ)]j0(λρ)
[−2
7
v22(λ)− 803915435v23(λ)− 421v24(λ) + 421v25(λ)]j2(λρ)
+[ 4
55
+ 156
385
v22(λ)− 192385v23(λ)− 148385v24(λ) + 148385v25(λ)− 8
55
v26(λ)]j4(λρ)
−148
385
v26(λ)]j4(λρ)
+[ 5872
47355
+ 8432
47355
v22(λ)− 408447355v23(λ)− 1889647355v24(λ) + 1889647355v25(λ)−11744
47355
v26(λ)]j6(λρ)
3 5 [− 2
441
+ 52
2205
v22(λ)− 19441v23(λ) + 835v24(λ)− 135v25(λ)− 2
21
v26(λ)]j0(λρ)
+[− 1
21
+ 5
21
v22(λ)− 1343v23(λ) + 17v24(λ) + 121v26(λ)]j2(λρ)
+[− 1118
24255
− 694
24255
v22(λ) +
52807
339570
v23(λ) +
1741
24255
v24(λ)− 314224255v25(λ)
+ 863
4851
v26(λ)]j4(λρ)
+[− 353
33957
− 8731
33957
v22(λ)− 156567914v23(λ) + 524833957v24(λ)− 524833957v25(λ)
+ 706
33957
v26(λ)]j6(λρ)
3 6 [ 74
735
+ 8
245
v22(λ)− 1971470v23(λ) + 16105v24(λ)− 16105v25(λ)− 4
35
v26(λ)]j0(λρ)
+[2
7
v22(λ) +
81
343
v23(λ) +
4
21
v24(λ)− 421v25(λ)]j2(λρ)
+[− 6
55
− 86
385
v22(λ) +
169
385
v23(λ) +
148
385
v24(λ)− 348385v25(λ)
+12
55
v26(λ)]j4(λρ)
+[− 4
77
− 100
231
v22(λ)− 2231v23(λ) + 80231v24(λ)− 80231v25(λ)
+ 8
77
v26(λ)]j6(λρ)
3 7 [− 2
49
+ 3
245
v22(λ) +
11
98
v23(λ)− 435v24(λ) + 435v25(λ)
+ 4
105
v26(λ)]j0(λρ)
+[− 4
63
+ 4
63
v22(λ) +
83
882
v23(λ)− 221v24(λ) + 221v25(λ)
+ 8
63
v26(λ)]j2(λρ)
+[ 2
55
+ 2
35
v22(λ)− 59385v23(λ)− 46385v24(λ) + 46385v25(λ)− 4
55
v26(λ)]j4(λρ)
+[ 548
11319
+ 68
1029
v22(λ)− 38611319v23(λ)− 174411319v24(λ) + 174411319v25(λ)− 1096
11319
v26(λ)]j6(λρ)
3 8 [4
7
− 8
7
v22(λ)− 1758246305v23(λ)− 10463 v24(λ)− 87v25(λ)
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1 2 3
−884
945
v26(λ)]j2(λρ)
+[−2120
4851
+ 28136
4851
v22(λ)− 4806433957v23(λ)− 195884851 v24(λ) + 87684851v25(λ)−15164
4851
v26(λ)]j4(λρ)
+[141748
56595
+ 54412
56595
v22(λ)− 3907618865v23(λ)− 12719218865 v24(λ) + 12719218865 v25(λ)−283496
56595
v26(λ)]j6(λρ)
3 9 [− 2
21
− 8
21
v22(λ)− 713915435v23(λ)− 87v24(λ) + 47v25(λ)
+ 52
315
v26(λ)]j2(λρ)
+[−26
77
− 6
77
v22(λ) +
3
7
v23(λ) +
46
147
v24(λ)− 6877v25(λ)
+74
77
v26(λ)]j4(λρ)
+[−1256
8085
− 5512
2695
v22(λ)− 88735v23(λ) + 114088085 v24(λ)− 114088085 v25(λ)
+2512
8085
v26(λ)]j6(λρ)
3 10 [− 4
21
+ 2
21
v22(λ)− 120715435v23(λ) + 2021v24(λ) + 47v25(λ)− 4
21
v26(λ)]j2(λρ)
+[−52
77
+ 68
77
v22(λ) +
54
77
v23(λ)− 77124851v24(λ)− 9677v25(λ)
+60
77
v26(λ)]j4(λρ)
+[−16
33
− 40
33
v22(λ) +
3
11
v23(λ) +
20
11
v24(λ)− 2011v25(λ)
+32
33
v26(λ)]j6(λρ)
3 11 [ 1
21
+ 1
7
v22(λ) +
64
1029
v23(λ) +
8
21
v24(λ) +
4
21
v25(λ)
+ 4
21
v26(λ)]j2(λρ)
+[− 8
77
− 24
77
v22(λ) +
37
77
v23(λ) +
526
539
v24(λ)− 3277v25(λ)
+38
77
v26(λ)]j4(λρ)
+[− 5
33
− 5
11
v22(λ) +
5
66
v23(λ) +
20
33
v24(λ)− 2033v25(λ)
+10
33
v26(λ)]j6(λρ)
3 12 [3
7
v22(λ) +
3637
10290
v23(λ) +
2
7
v24(λ)− 27v25(λ)]j2(λρ)
+[ 82
1617
− 370
1617
v22(λ) +
2342
11319
v23(λ)− 201617v24(λ) + 201617v25(λ)− 164
1617
v26(λ)]j4(λρ)
+[ 314
2695
+ 214
2695
v22(λ)− 2482695v23(λ)− 8922695v24(λ) + 8922695v25(λ)− 628
2695
v26(λ)]j6(λρ)
3 13 [−1
3
+ 3
7
v22(λ) +
548
1029
v23(λ) +
4
21
v24(λ) +
8
21
v25(λ)
+ 5
21
v26(λ)]j2(λρ)
+[− 493
1617
− 2039
1617
v22(λ) +
29531
22638
v23(λ) +
1052
539
v24(λ)− 22521617v25(λ)
+[1910
1617
v26(λ)]j4(λρ)
+[−10
33
− 26
11
v22(λ)− 133v23(λ) + 6433v24(λ)− 6433v25(λ)
+20
33
v26(λ)]j6(λρ)
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3 14 [ 1
21
+ 2
21
v22(λ)− 1492058v23(λ)− 221v24(λ)− 13v25(λ)
+ 1
21
v26(λ)]j2(λρ)
+[20
77
− 2
77
v22(λ)− 85154v23(λ)− 1161617v24(λ) + 711v25(λ)−29
77
v26(λ)]j4(λρ)
+[ 7
33
+ 29
33
v22(λ)− 566v23(λ)− 3233v24(λ) + 3233v25(λ)−14
33
v26(λ)]j6(λρ)
3 15 [ 2
21
+ 1
21
v22(λ)− 1392058v23(λ) + 521v24(λ)− 521v25(λ)− 4
21
v26(λ)]j2(λρ)
[+ 73
539
+ 233
539
v22(λ)− 34077546v23(λ)− 299539v24(λ) + 299539v25(λ)−146
539
v26(λ)]j4(λρ)
+[ 2435
11319
+ 7753
11319
v22(λ)− 232322638v23(λ)− 996411319v24(λ) + 996411319v25(λ)− 4870
11319
v26(λ)]j6(λρ)
3 16 [− 3
14
v22(λ) +
51
1372
v23(λ)− 17v24(λ) + 17v25(λ)]j2(λρ)
[− 169
1617
+ 109
1617
v22(λ) +
4505
22638
v23(λ) +
368
1617
v24(λ)− 3681617v25(λ)
+ 338
1617
v26(λ)]j4(λρ)
+[−6063
3773
+ 21851
3773
v22(λ) +
16073
7546
v23(λ) +
4232
3773
v24(λ)− 42323773v25(λ)
+12126
3773
v26(λ)]j6(λρ)
3 17 − 3
14
v23(λ)j2(λρ)
[+ 1
11
+ 3
11
v22(λ)− 51154v23(λ)− 411v24(λ) + 411v25(λ)− 2
11
v26(λ)]j4(λρ)
+[ 1
11
+ 3
11
v22(λ)− 122v23(λ)− 411v24(λ) + 411v25(λ)− 2
11
v26(λ)]j6(λρ)
3 18 [16
11
− 48
11
v22(λ) +
2
11
v23(λ) +
1424
99
v24(λ) +
16
11
v25(λ)
+56
11
v26(λ)]j4(λρ)
+[−2560
2541
+ 2848
2541
v22(λ) +
236
231
v23(λ) +
4986
2541
v24(λ)− 49862541v25(λ)
+5120
2541
v26(λ)]j6(λρ)
3 19 [−2 + 14
11
v22(λ) +
43
11
v23(λ) +
1000
231
v24(λ)− 4811v25(λ)
+8v26(λ)]j4(λρ)
+[107
77
− 351
77
v22(λ)− 2514v23(λ)− 9277v24(λ) + 9277v25(λ)−214
77
v26(λ)]j6(λρ)
3 20 [− 4
11
+ 36
11
v22(λ)− 311v23(λ)− 811v24(λ) + 811v25(λ)
+ 8
11
v26(λ)]j4(λρ)
+[− 4
11
+ 36
11
v22(λ) +
8
11
v23(λ)− 811v24(λ) + 81v25(λ)
+ 8
11
v26(λ)]j6(λρ)
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3 21 [10
11
− 6
11
v22(λ)− 1511v23(λ)− 4231v24(λ) + 2v25(λ)−20
11
v26(λ)]j4(λρ)
+[142
231
+ 530
231
v22(λ)− 58231v23(λ)− 620231v24(λ) + 620231v25(λ)−284
231
v26(λ)]j6(λρ)
3 22 [ 1
11
+ 3
11
v22(λ)− 611v23(λ)− 73v24(λ) + 411v25(λ)−13
11
v26(λ)]j4(λρ)
+[−145
231
− 323
231
v22(λ) +
173
462
v23(λ) +
524
231
v24(λ)− 524231v25(λ)
+290
231
v26(λ)]j6(λρ)
3 23 [− 4
11
+ 4
11
v22(λ) +
4
11
v23(λ) +
8
11
v24(λ)− 811v25(λ)
+ 8
11
v26(λ)]j4(λρ)
+[58
77
+ 26
7
v22(λ)− 1577v23(λ)− 28877 v24(λ) + 28877 v25(λ)−116
77
v26(λ)]j6(λρ)
3 24 [13
11
− 17
11
v22(λ)− 4922v23(λ)− 2411v24(λ) + 2411v25(λ)−26
11
v26(λ)]j4(λρ)
+[−136
77
− 184
77
v22(λ) +
96
77
v23(λ) +
432
77
v24(λ)− 43277 v25(λ)
+272
77
v26(λ)]j6(λρ)
3 25 [− 5
11
− 1
11
v22(λ) +
25
22
v23(λ) +
13
11
v24(λ)− 1311v25(λ)
+10
11
v26(λ)]j4(λρ)
+[− 4
77
− 68
77
v22(λ)− 577v23(λ) + 47v24(λ)− 47v25(λ)
+ 8
77
v26(λ)]j6(λρ)
3 26 [ 4
21
− 100
21
v22(λ)− 1621v23(λ) + 4021v24(λ)− 4021v25(λ)− 8
21
v26(λ)]j6(λρ)
3 27 [−8v22(λ)− v23(λ) + 4v24(λ)− 4v25(λ)]j6(λρ)
3 28 [1 + 3v22(λ)− 12v23(λ)− 4v24(λ) + 4v25(λ)−2v26(λ)]j6(λρ)
3 29 0
Let ν be a nonnegative integer. The Ogden tensor [27] Iν of rank 2ν + 2
is determined inductively as
I0ij := δij, I
1
ijk` :=
1
2
(δikδj` + δi`δjk),
Iνi1···i2ν+2 := ν
−1(I1i1pi3i4 I
ν−1
pi2i5···i2ν+2 + · · ·+ I1i1pi2ν+1i2ν+2 Iν−1pi2···i2ν−1i2ν ),
where there is a summation over p. In what follows we will omit the upper
index.
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Table 6: The functions Lqijkli′j′k′l′(x).
Function Value
L1i···l′ δijδklδi′j′δk′l′
L2i···l′ 2(δijδklIi′j′k′l′ + δi′j′δk′l′Iijkl)
L3i···l′ 2(δij(δi′j′Iklk′l′ + δk′l′Ikli′j′) + δkl(δi′j′Iijk′l′ + δk′l′Iiji′j′))
L4i···l′ 4IijklIi′j′k′l′
L5i···l′ 8(δijIkli′j′k′l′ + δklIiji′j′k′l′ + δi′j′Iijklk′l′ + δk′l′Iijkli′j′)
L6i···l′ 4(Iiji′j′Iklk′l′ + Iijk′l′Ikli′j′)
L7i···l′ 4(Iiji′k′Iklj′l′ + Iiji′l′Iklj′k′ + Iijj′k′Ikli′l′ + Iijj′l′Ikli′k′)
‖x‖2L8i···l′(x) δijδkl(δi′j′xk′xl′ + δk′l′xi′xj′) + δi′j′δk′l′(δijxkxl + δklxixj)
‖x‖2L9i···l′(x) 2(Iijkl(δi′j′xk′xl′ + δk′l′xi′xj′) + Ii′j′k′l′(δijxkxl + δklxixj))
‖x‖2L10i···l′(x) δijδkl(δi′k′xj′xl′ + δi′l′xj′xk′ + δj′k′xi′xl′ + δj′l′xi′xk′)
+δi′j′δk′l′(δikxjxl + δilxjxk + δjkxixl + δjlxixk)
‖x‖2L11i···l′(x) δijδi′j′(δkk′xlxl′ + δkl′xlxk′ + δlk′xkxl′ + δll′xkxk′)
+δijδk′l′(δki′xlxj′ + δkj′xlxj′ + δli′xkxj′ + δlj′xkxi′)
+δklδi′j′(δik′xjxl′ + δjk′xjxl′ + δil′xjxk′ + δjl′xixk′)
+δklδk′l′(δii′xjxj′ + δij′xjxi′ + δji′xixj′ + δjj′xixi′)
‖x‖2L12i···l′(x) 2(Iijkl(δi′k′xj′xl′ + δi′l′xj′xk′ + δj′k′xi′xl′ + δj′l′xi′xk′)
+Ii′j′k′l′(δikxjxl + δilxjxk + δjkxixl + δjlxixk))
‖x‖2L13i···l′(x) 2((δijIkli′j′ + δklIiji′j′)xk′xl′ + (δijIklk′l′ + δklIijk′l′)xi′xj′
+(δi′j′Iijk′l′ + δk′l′Iiji′j′)xkxl + (δi′j′Iklk′l′ + δk′l′Ikli′j′)xixj)
‖x‖2L14i···l′(x) 2((δijIkli′k′ + δklIiji′k′)xj′xl′ + (δijIkli′l′ + δklIiji′l′)xj′xk′
+(δijIklj′k′ + δklIijj′k′)xi′xl′ + (δijIklj′l′ + δklIijj′l′)xi′xk′
+(δi′j′Iikk′l′ + δk′l′Iiki′j′)xjxl + (δi′j′Iilk′l′ + δk′l′Iili′j′)xjxk
+(δi′j′Ijkk′l′ + δk′l′Ijki′j′)xixl + (δi′j′Ijlk′l′ + δk′l′Ijli′j′)xixk)
‖x‖2L15i···l′(x) 8(Iijkli′j′xk′xl′ + Iijklk′l′xi′xj′ + Iiji′j′k′l′xkxl + Ikli′j′k′l′xixj)
‖x‖2L16i···l′(x) 8(Iijkli′k′xj′xl′ + Iijkli′l′xj′xk′ + Iijklj′k′xi′xl′ + Iijklj′l′xi′xk′
+Iiki′j′k′l′xjxl + Iili′j′k′l′xjxk + Ijki′j′k′l′xixl + Ijli′j′k′l′xixk)
‖x‖2L17i···l′(x) 2(Iiji′j′(δkk′xlxl′ + δkl′xlxk′ + δlk′xkxl′ + δll′xkxk′)
+Iijk′l′(δki′xlxj′ + δkj′xlxi′ + δli′xkxj′ + δlj′xkxi′
+Ikli′j′(δik′xjxl′ + δil′xjxk′ + δjk′xixl′ + δjl′xixk′)
+Iklk′l′(δii′xjxj′ + δij′xjxi′ + δji′xixj′ + δjj′xixi′)
‖x‖4L18i···l′(x) δijδklxi′xj′xk′xl′ + δi′j′δk′l′xixjxkxl
‖x‖4L19i···l′(x) (δijxkxl + δklxixj)(δi′j′xk′xl′ + δk′l′xi′xj′)
‖x‖4L20i···l′(x) 2(Iijklxi′xj′xk′xl′ + Ii′j′k′l′xixjxkxl)
‖x‖4L21i···l′(x) (δijxkxl + δklxixj)(δi′k′xj′xl′ + δi′l′xj′xk′ + δj′k′xi′xl′ + δj′l′xi′xk′)
Continued at next page
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Table 6: continued
1 2
+(δi′j′xk′xl′ + δk′l′xi′xj′)(δikxjxl + δilxjxk + δjkxixl + δjlxixk)
‖x‖4L22i···l′(x) δij(δki′xlxj′xk′xl′ + δkj′xlxi′xk′xl′ + δkk′xlxi′xj′xl′ + δkl′xlxi′xj′xk′
+δli′xkxj′xk′xl′ + δlj′xkxi′xk′xl′ + δlk′xkxi′xj′xl′ + δll′xkxi′xj′xk′)
+δkl(δii′xjxj′xk′xl′ + δij′xjxi′xk′xl′ + δik′xjxi′xj′xl′ + δil′xjxi′xj′xk′
+δji′xixj′xk′xl′ + δjj′xixi′xk′xl′ + δjk′xixi′xj′xl′ + δjl′xixi′xj′xk′)
+δi′j′(δik′xjxkxlxl′ + δjk′xixkxlxl′ + δkk′xixjxlxl′ + δlk′xixjxkxl′
+δil′xkxl′xj′xk′ + δjl′xkxl′xi′xk′ + δkl′xixjxk′xl′ + δll′xixjxkxk′)
+δk′l′(δii′xjxkxlxj′ + δji′xixkxj′xl′ + δki′xjxjxlxj′ + δli′xixjxkxj′
+δij′xjxkxlxi′ + δjj′xixkxlxi′ + δkj′xixjxlxi′ + δlj′xixjxkxi′)
‖x‖4L23i···l′(x) (δikxjxl + δilxjxk + δjkxixl + δjlxixk)
×(δi′k′xj′xl′ + δi′l′xj′xk′ + δj′k′xi′xl′ + δj′l′xi′xk′)
‖x‖4L24i···l′(x) 2(Iiji′j′xkxlxk′xl′ + Iijk′l′xkxlxi′xj′ + Ikli′j′xixjxk′xl′ + Iklk′l′xixjxi′xj′)
‖x‖4L25i···l′(x) 2[(Iiji′k′xj′xl′ + Iiji′l′xj′xk′ + Iijj′k′xi′xl′ + Iijj′l′xi′xk′)xkxl
+(Iiki′j′xk′xl′ + Iikk′l′xi′xj′)xjxl + (Iili′j′xk′xl′ + Iilk′l′xi′xj′)xjxk
+(Ijki′j′xk′xl′ + Ijkk′l′xi′xj′)xixl + (Ijli′j′xk′xl′ + Ijlk′l′xi′xj′)xjxk
+(Ikli′k′xj′xl′ + Ikli′l′xj′xk′ + Iklj′k′xi′xl′ + Iklj′l′xi′xk′)xixj]
‖x‖6L26i···l′(x) (δijxkxl + δklxixj)xi′xj′xk′xl′ + (δi′j′xk′xl′ + δk′l′xi′xj′)xixjxkxl
‖x‖6L27i···l′(x) (δikxjxl + δilxjxk + δjkxixl + δjlxixk)xi′xj′xk′xl′
+(δi′k′xj′xl′ + δi′l′xj′xk′ + δj′k′xi′xl′ + δj′l′xi′xk′)xixjxkxl
‖x‖6L28i···l′(x) (δii′xj′xk′xl′ + δij′xi′xk′xl′ + δik′xi′xj′xl′ + δil′xi′xj′xk′)xjxkxl
+(δji′xj′xk′xl′ + δjj′xi′xk′xl′ + δjk′xi′xj′xl′ + δjl′xi′xj′xk′)xixkxl
+(δki′xj′xk′xl′ + δkj′xi′xk′xl′ + δkk′xi′xj′xl′ + δkl′xi′xj′xk′)xixjxl
+(δli′xj′xk′xl′ + δlj′xi′xk′xl′ + δlk′xi′xj′xl′ + δll′xi′xj′xk′)xixjxk
‖x‖8L29i···l′(x) xixjxkxlxi′xj′xk′xl′
5.2 The monoclinic class
Theorem 3 (A monoclinic random field in the monoclinic class). The one-
point correlation tensor of a homogeneous and (Z2×Zc2, 13Ag)-isotropic ran-
dom field C(x) is
〈C(x)〉ijkl =
13∑
m=1
Cm Z2×Zc2T
Ag ,m,1
ijkl ,
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where Cm ∈ R. Its two-point correlation tensor has the form
〈C(x),C(y)〉 = 1
2
∫
Rˆ3/Z2×Zc2
cos(p1(y1−x1)+p2(y2−x2)) cos(p3(y3−x3))f(p) dΦ(p),
where f(p) is a Φ-equivalence class of measurable functions acting from
Rˆ3/Z2 × Zc2 to the set of nonnegative-definite symmetric linear operators on
VZ2×Z
c
2 with unit trace, and Φ is a finite Radon measure on Rˆ3/Z2×Zc2. The
field has the form
C(x)ijkl =
13∑
m=1
Cm Z2×Zc2T
Ag ,m,1
ijkl
+
1√
2
13∑
m=1
∫
Rˆ3/Z2×Zc2
cos(p1x+ p2y) cos(p3z) dZ
1
m(p)Z2×Zc2T
Ag ,m,1
ijkl
+
1√
2
13∑
m=1
∫
Rˆ3/Z2×Zc2
sin(p1x+ p2y) sin(p3z) dZ
2
m(p)Z2×Zc2T
Ag ,m,1
ijkl
+
1√
2
13∑
m=1
∫
Rˆ3/Z2×Zc2
cos(p1x+ p2y) sin(p3z) dZ
3
m(p)Z2×Zc2T
Ag ,m,1
ijkl
+
1√
2
13∑
m=1
∫
Rˆ3/Z2×Zc2
sin(p1x+ p2y) cos(p3z) dZ
4
m(p)Z2×Zc2T
Ag ,m,1
ijkl ,
where (Zn1 (p), . . . , Zn13(p))> are four centred uncorrelated VZ2×Z
c
2-valued ran-
dom measures on Rˆ3/Z2 × Zc2 with control measure f(p) dΦ(p).
Theorem 4 (A transverse isotropic random field in the monoclinic class).
The one-point correlation tensor of a homogeneous and (O(2)× Zc2, 5U0gg ⊕
3U2g ⊕ U4g)-isotropic random field C(x) is
〈C(x)〉ijkl =
5∑
m=1
Cm O(2)×Zc2T
U0gg ,m,1
ijkl ,
where Cm ∈ R. Its two-point correlation tensor has the form
〈C(x),C(y)〉 =
∫
Rˆ3/O(2)×Zc2
J0
(√
(p21 + p
2
2)(z
2
1 + z
2
2)
)
cos(p3z3)f(p) dΦ(p),
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where Φ is a measure on Rˆ3/O(2) × Zc2, and f(p) is a Φ-equivalence class
of measurable functions on Rˆ3/O(2) × Zc2 with values in the compact set of
all nonnegative-definite linear operators in the space VZ2×Zc2 with unit trace
of the form 
A 0 0 0 0
0 B1 B2 B3 0
0 B2 B4 B5 0
0 B3 B5 B6 0
0 0 0 0 B7
 ,
where A is a nonnegative-definite 5×5 matrix, and Bm, 1 ≤ m ≤ 7 are 2×2
matrices proportional to the identity matrix. The field has the form
C(x) =
5∑
m=1
CmT
m
ijkl
+
13∑
m=1
∫
Rˆ3/O(2)×Zc2
J0
(√
(p21 + p
2
2)(z
2
1 + z
2
2)
)
× (cos(p3z)dZ01m (p)Tmijkl + sin(p3z)dZ02m (p)Tmijkl)
+
√
2
∞∑
`=1
13∑
m=1
∫
Rˆ3/O(2)×Zc2
J`
(√
(p21 + p
2
2)(z
2
1 + z
2
2)
)
× (cos(p3z) cos(`ϕp)dZ`1m (p)Tmijkl + cos(p3z) sin(`ϕp)dZ`2m(p)Tmijkl
+ sin(p3z) cos(`ϕp)dZ
`3
m (p)T
m
ijkl + sin(p3z) sin(`ϕp)dZ
`4
m (p)T
m
ijkl),
where (Z`i1 (p), . . . , Z`i13(p))> are centred uncorrelated VZ2×Z
c
2-valued random
measures on Rˆ3/O(2)×Zc2 with control measure f(p) dΦ(p), J` are the Bessel
functions, and
Tmijkl =

O(2)×Zc2T
U0gg ,m,1, if 1 ≤ m ≤ 5,
O(2)×Zc2T
U2g ,bm/2c−2,m mod 2+1, if 6 ≤ m ≤ 11,
O(2)×Zc2T
U4g ,1,m−11, if 12 ≤ m ≤ 13.
5.3 The orthotropic class
Theorem 5 (An orthotropic random field in the orthotropic class). The
one-point correlation tensor of a homogeneous and (D2 × Zc2, 9Ag)-isotropic
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random field C(x) is
〈C(x)〉ijkl =
9∑
m=1
Cm D2×Zc2T
Ag ,m,1
ijkl ,
where Cm ∈ R. Its two-point correlation tensor has the form
〈C(x),C(y)〉 =
∫
Rˆ3/D2×Zc2
cos(p1(y1−x1)) cos(p2(y2−x2)) cos(p3(y3−x3))f(p) dΦ(p),
where f(p) is a Φ-equivalence class of measurable functions acting from
Rˆ3/D2 × Zc2 to the set of nonnegative-definite symmetric linear operators
on VD2×Zc2 with unit trace, and Φ is a finite measure on Rˆ3/D2 × Zc2. The
field has the form
C(x)ijkl =
9∑
m=1
Cm D2×Zc2T
Ag ,m,1
ijkl +
9∑
m=1
8∑
n=1
∫
Rˆ3/D2×Zc2
un(p,x) dZ
n
m(p)D2×Zc2T
Ag ,m,1
ijkl ,
where (Zn1 (p), . . . , Zn9 (p))> are eight centred uncorrelated VD2×Z
c
2-valued ran-
dom measures on Rˆ3/D2 × Zc2 with control measure f(p) dΦ(p), and where
un(p,x) are eight different product of sines and cosines of prxr.
Consider a 9 × 9 symmetric nonnegative-definite matrix with the unit
trace of the following structure: (
A B
B> C
)
, (26)
where A is a 6× 6 matrix. Introduce the following notation:
j1(p, z) = cos(p1z1) cos(p2z2) cos(p3z3),
j2(p, z) = cos(p1z2) cos(p2z1) cos(p3z3).
Let Φ be a finite measure on Rˆ3/D4 × Zc2. Let f 0(p) be a Φ-equivalence
class of measurable functions acting from (Rˆ3/D4 × Zc2)m, 0 ≤ m ≤ 1 to
the set of nonnegative-definite symmetric matrices with unit trace satisfying
B = 0. Let f+(p) be a Φ-equivalence class of measurable functions acting
from (Rˆ3/D4×Zc2)m, 2 ≤ m ≤ 4 to the set of nonnegative-definite symmetric
linear operators on VD2×Zc2 with unit trace, and let f−(p) is obtained from
f+(p) by multiplying B and B> by −1.
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Theorem 6 (A tetragonal random field in the orthotropic class). The one-
point correlation tensor of a homogeneous and (D4×Zc2, 6A1g⊕3B1g)-isotropic
random field C(x) is
〈C(x)〉ijkl =
6∑
m=1
Cm D4×Zc2T
Ag1,m,1
ijkl ,
where Cm ∈ R. Its two-point correlation tensor has the form
〈C(x),C(y)〉 = 1
2
1∑
m=0
∫
(Rˆ3/D4×Zc2)m
[j1(p,y − x) + j2(p,y − x)]f 0(p) dΦ(p)
+
1
2
4∑
m=2
∫
(Rˆ3/D4×Zc2)m
[j1(p,y − x)f+(p) + j2(p,y − x)f−(p)] dΦ(p).
(27)
The field has the form
C(x)ijkl =
6∑
m=1
Cm D4×Zc2T
A1g ,m,1
ijkl
+
1√
2
9∑
q=1
16∑
n=1
1∑
m=0
∫
(Rˆ3/D4×Zc2)m
un(p,x) dZ
n0
q (p)D4×Zc2T
q
ijkl
+
1√
2
9∑
q=1
8∑
n=1
4∑
m=2
∫
(Rˆ3/D4×Zc2)m
un(p,x) dZ
n+
q (p)D4×Zc2T
q
ijkl
+
1√
2
9∑
q=1
16∑
n=9
4∑
m=2
∫
(Rˆ3/D4×Zc2)m
un(p,x) dZ
n−
q (p)D4×Zc2T
q
ijkl,
where (Zn01 (p), . . . , Zn09 (p))> (resp. (Z
n+
1 (p), . . . , Z
n+
9 (p))
>, resp. (Zn−1 (p), . . . , Z
n−
9 (p))
>)
are centred uncorrelated VD2×Zc2-valued random measures on the spaces (Rˆ3/D4×
Zc2)m, 0 ≤ m ≤ 1 (resp. 2 ≤ m ≤ 4) with control measure f 0(p) dΦ(p) (resp.
f+(p) dΦ(p), resp. f−(p) dΦ(p)), un(p,x) are different product of sines and
cosines of prxr for 1 ≤ n ≤ 8 and eight different product of sines and cosines
of p1x2, p2x1, and p3x3 for 9 ≤ n ≤ 16, and
Tqijkl =
{
T
A1g ,q,1
ijkl , if 1 ≤ q ≤ 6,
T
B1g ,q−6,1
ijkl , otherwise.
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Consider a 9 × 9 symmetric nonnegative-definite matrix with unit trace
of the following structure
∗ ∗ ∗ ∗ ∗ c>1 c>2
∗ ∗ ∗ ∗ ∗ c>3 c>4
∗ ∗ ∗ ∗ ∗ c>5 c>6
∗ ∗ ∗ ∗ ∗ c>7 c>8
∗ ∗ ∗ ∗ ∗ c>9 c>10
c1 c3 c5 c7 c9 A1 A2
c2 c4 c6 c8 c10 A2 A3

,
where stars are arbitrary numbers, ci are vectors with two components, and
Ai are 2× 2 matrices of the form
Aj =
(
a− b c+ d
c− d a+ b
)
. (28)
Let Φ be a finite measure on Rˆ3/D6 × Zc2. Let f 0(p) be a Φ-equivalence
class of measurable functions acting from (Rˆ3/D6 × Zc2)m, 0 ≤ m ≤ 1 to
the set of nonnegative-definite symmetric matrices with unit trace such that
ci = 0 and Ai are proportional to the identity matrix. Let f−(p) be a Φ-
equivalence class of measurable functions acting from (Rˆ3/D6 × Zc2)2 to the
set of nonnegative-definite symmetric matrices with unit trace such that Ai
are symmetric. Let f+(p) be a Φ-equivalence class of measurable functions
acting from (Rˆ3/D6 × Zc2)m, 3 ≤ m ≤ 4 to the set of nonnegative-definite
symmetric matrices with unit trace. Consider matrices and functions of
Table 7.
Let f−i(p) is obtained from f−(p) by replacing all cj with gicj and the
vectors (b, c)> in all Aj with gi(b, c)>. Let f+i(p) is obtained from f+(p) by
replacing all cj with gicj and all Aj with giAjg−1i .
Theorem 7 (A hexagonal random field in the orthotropic class). The one-
point correlation tensor of a homogeneous and (D6×Zc2, 5A1g⊕2E2g)-isotropic
random field C(x) is
〈C(x)〉ijkl =
5∑
m=1
Cm D6×Zc2T
A1g ,m,1
ijkl ,
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Table 7: The matrices gn and the functions jn(p, z) for the group D6 × Zc2
n gn jn(p, z)
1 ( 1 00 1 ) cos(p3z3) cos(p1z1 + p2z2)
2 ( −1 00 1 ) cos(p3z3) cos(p1z1 − p2z2)
3 1
2
(
1 −√3√
3 1
)
cos(p3z3) cos[(p1 +
√
3p2)z1 + (−
√
3p1 + p2)z2]/2
4 1
2
(
−1 √3√
3 −1
)
cos(p3z3) cos[(p1 −
√
3p2)z1 + (
√
3p1 + p2)z2]/2
5 1
2
(
1
√
3√
3 −1
)
cos(p3z3) cos[(−p1 +
√
3p2)z1 + (
√
3p1 + p2)z2]/2
6 1
2
(
1 −√3
−√3 −1
)
cos(p3z3) cos[(p1 +
√
3p2)z1 + (
√
3p1 − p2)z2]/2
where Cm ∈ R. Its two-point correlation tensor has the form
〈C(x),C(y)〉 = 1
6
(
1∑
m=0
∫
(Rˆ3/D6×Zc2)m
6∑
n=1
jn(p,y − x)f 0(p) dΦ(p)
+
∫
(Rˆ3/D6×Zc2)2
6∑
n=1
jn(p,y − x)f−n(p) dΦ(p)
+
4∑
m=3
∫
(Rˆ3/D6×Zc2)m
6∑
n=1
jn(p,y − x)f+n(p) dΦ(p)
)
.
The field has the form
C(x)ijkl =
5∑
m=1
Cm D6×Zc2T
A1g ,m,1
ijkl +
1√
6
9∑
q=1
24∑
n=1
1∑
m=0
∫
(Rˆ3/D6×Zc2)m
un(p,x) dZ
0n
q (p)D6×Zc2T
q
ijkl
+
1√
6
9∑
q=1
6∑
s=1
4s∑
n=4s−3
∫
(Rˆ3/D6×Zc2)2
un(p,x) dZ
−ns
q (p)D6×Zc2T
q
ijkl
+
1√
6
9∑
q=1
6∑
s=1
4s∑
n=4s−3
4∑
m=3
∫
(Rˆ3/D6×Zc2)m
un(p,x) dZ
+ns
q (p)D6×Zc2T
q
ijkl,
where (Z0n1 (p), . . . , Z0n9 (p))> (resp. (Z
−ns
1 (p), . . . , Z
−ns
9 (p))
>, resp. (Z+ns1 (p), . . . , Z
+ns
9 (p))
>)
are centred uncorrelated VD2×Zc2-valued random measures on (Rˆ3/D6×Zc2)m,
0 ≤ m ≤ 1 (resp. on (Rˆ3/D6 × Zc2)2, resp. on (Rˆ3/D6 × Zc2)2, 3 ≤ m ≤ 4)
with control measure f 0(p) dΦ(p) (resp. f−s(p) dΦ(p), resp. f+s(p) dΦ(p)),
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un(p,x), 1 ≤ n ≤ 8 are different product of sines and cosines of angles in
Table 7, and where
Tqijkl =
{
D6×Zc2T
Ag ,q,1
ijkl , if 1 ≤ q ≤ 5
D6×Zc2T
E2g ,bq/2c−1,q mod 2+1
ijkl , otherwise.
Consider a 9 × 9 symmetric nonnegative-definite matrix with unit trace
of the following structure
∗ ∗ ∗ c>1 c>2 c>3
∗ ∗ ∗ c>4 c>5 c>6
∗ ∗ ∗ c>7 c>8 c>9
c1 c4 c7 A1 A2 A3
c2 c5 c8 A2 A4 A5
c3 c6 c9 A3 A5 A6
 ,
where stars are arbitrary numbers, ci are vectors with two components, and
Ai are 2 × 2 matrices. Let Φ be a finite measure on Rˆ3/T × Zc2. Let f 0(p)
be a Φ-equivalence class of measurable functions acting from (Rˆ3/T ×Zc2)m,
0 ≤ m ≤ 1 to the set of nonnegative-definite symmetric linear operators
on VD2×Zc2 with unit trace such that ci = 0 and Ai are proportional to the
identity matrix. Let f 1(p) be a Φ-equivalence class of measurable functions
acting from (Rˆ3/T × Zc2)m, 2 ≤ m ≤ 4 to the set of nonnegative-definite
symmetric linear operators on VD2×Zc2 with unit trace. Denote
g =
1
2
( −1 √3
−√3 −1
)
. (29)
Let f+(p) (resp. f−(p)) is obtained from f 1(p) by replacing all ci with
gc1 (resp. with g−1ci) and all Ai with gAig−1 (resp. g−1Aig). Finally, let
jm(p, z) be functions from Table 8.
Theorem 8 (A cubic random field in the orthotropic class). The one-point
correlation tensor of a homogeneous and (T ×Zc2, 3Ag⊕3(1Eg⊕2Eg))-isotropic
random field C(x) is
〈C(x)〉ijkl =
3∑
m=1
Cm T ×Zc2T
Ag ,m,1
ijkl ,
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Table 8: The functions jn(p, z) for the tetrahedral group
n jn(p, z)
1 [cos(p1z1 + p2z2) + cos(p1z2 + p2z1)] cos(p3z3)
2 cos[1
2
((p1 +
√
2p3)z1 + p2z2 +
√
2p1z3)] cos[
1
2
(p2z1 + (−p1 +
√
2p3)z2 −
√
2p2z3)]
+ cos[1
2
((z1(p1 −
√
2p3)− p2z2 −
√
2p1z3)] cos[
1
2
(p2z1 + (−p1 −
√
2p3)z2 +
√
2p2z3)]
3 cos[1
2
(−p1z1 + (p2 +
√
2p3)z2 +
√
2p2z3)] cos[
1
2
((p2 −
√
2p3)z1 − p1z2 +
√
2p1z3)]
+ cos[1
2
(−p1z1 + (p2 −
√
2p3)z2 −
√
2p2z3)] cos[
1
2
((p2 +
√
2p3)z1 − p1z2 −
√
2p1z3)]
where Cm ∈ R. Its two-point correlation tensor has the form
〈C(x),C(y)〉 = 1
6
1∑
m=0
∫
(Rˆ3/T ×Zc2)m
3∑
n=1
jn(p,y − x)f 0(p) dΦ(p)
+
1
6
4∑
m=2
∫
(Rˆ3/T ×Zc2)m
[j1(p,y − x)f 1(p) + j2(p,y − x)f+(p)
+ j3(p,y − x)f−(p)] dΦ(p).
The field has the form
C(x) =
3∑
m=1
Cm T ×Zc2T
Ag ,m,1
ijkl +
1√
6
(
9∑
q=1
24∑
n=1
1∑
m=0
∫
(Rˆ3/T ×Zc2)m
un(p,x) dZ
n0
q (p)T
q
ijkl
+
9∑
q=1
8∑
n=1
4∑
m=2
∫
(Rˆ3/T ×Zc2)m
un(p,x) dZ
n1
q (p)T
q
ijkl
+
9∑
q=1
16∑
n=9
4∑
m=2
∫
(Rˆ3/T ×Zc2)m
un(p,x) dZ
n+
q (p)T
q
ijkl
+
9∑
q=1
24∑
n=17
4∑
m=2
∫
(Rˆ3/T ×Zc2)m
un(p,x) dZ
n−
q (p)T
q
ijkl
)
,
where un(p,x) are various products of sines and cosines of angles from
Table 8,
Tqijkl =
{
T ×Zc2T
Ag ,q,1
ijkl , if 1 ≤ q ≤ 3
T ×Zc2T
E2g ,bq/2c−1,q mod 2+1
ijkl , otherwise,
62
and where (Zn01 (p), . . . , Zn09 (p))> (resp. (Zn11 (p), . . . , Zn19 (p))>, resp. (Z
n+
1 (p), . . . , Z
n+
9 (p))
>
resp. (Zn−1 (p), . . . , Z
n−
9 (p))
>) are centred uncorrelated VD2×Zc2-valued ran-
dom measures on (Rˆ3/T × Zc2)m for 0 ≤ m ≤ 1 (resp. 2 ≤ m ≤ 4) with
control measure f 0(p) dΦ(p) (resp. f 1(p) dΦ(p), resp. f+(p) dΦ(p), resp.
f−(p) dΦ(p)).
Consider a 9 × 9 symmetric nonnegative-definite matrix with unit trace
of the following structure
∗ ∗ ∗ c>1 c>2 c>3
∗ ∗ ∗ c>4 c>5 c>6
∗ ∗ ∗ c>7 c>8 c>9
c1 c4 c7 A1 A2 A3
c2 c5 c8 A2 A4 A5
c3 c6 c9 A3 A5 A6
 ,
where stars are arbitrary numbers, ci are vectors with two components,
and Ai are 2 × 2 matrices of the form (28). Let Φ be a finite measure
on Rˆ3/O × Zc2. Let f 0(p) be a Φ-equivalence class of measurable functions
acting from (Rˆ3/O × Zc2)m, 0 ≤ m ≤ 1 to the set of nonnegative-definite
symmetric matrices with unit trace such that ci = 0 and Ai are proportional
to the identity matrix. Let f−(p) be a Φ-equivalence class of measurable
functions acting from (Rˆ3/O × Zc2)2 to the set of nonnegative-definite sym-
metric matrices with unit trace such that Ai are symmetric. Let f+(p) be
a Φ-equivalence class of measurable functions acting from (Rˆ3/O × Zc2)m,
3 ≤ m ≤ 6 to the set of nonnegative-definite symmetric matrices with unit
trace. Consider matrices and functions of Table 9.
Let f−i(p) is obtained from f−(p) by replacing all cj with gici and the
vectors (b, c)> in all Aj with gi(b, c)>. Let f+i(p) is obtained from f+(p) by
replacing all cj with gici and all Aj with giAjg−1i .
Theorem 9 (A cubic random field in the orthotropic class). The one-point
correlation tensor of a homogeneous and (O×Zc2, 3A1g⊕ 3Eg)-isotropic ran-
dom field C(x) is
〈C(x)〉ijkl =
3∑
m=1
Cm O×Zc2T
A1g ,m,1
ijkl ,
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where Cm ∈ R. Its two-point correlation tensor has the form
〈C(x),C(y)〉 = 1
12
(
1∑
m=0
∫
(Rˆ3/O×Zc2)m
6∑
n=1
jn(p,y − x)f 0(p) dΦ(p)
+
∫
(Rˆ3/O×Zc2)2
6∑
n=1
jn(p,y − x)f−n(p) dΦ(p)
+
6∑
m=3
∫
(Rˆ3/O×Zc2)m
6∑
n=1
jn(p,y − x)f+n(p) dΦ(p)
)
.
The field has the form
C(x)ijkl =
3∑
m=1
Cm O×Zc2T
A1g ,m,1
ijkl +
1√
12
6∑
q=1
48∑
n=1
1∑
m=0
∫
(Rˆ3/O×Zc2)m
un(p,x) dZ
0n
q (p)O×Zc2T
q
ijkl
+
1√
12
6∑
q=1
6∑
s=1
8s∑
n=8s−7
∫
(Rˆ3/O×Zc2)2
un(p,x) dZ
−ns
q (p)O×Zc2T
q
ijkl
+
1√
12
6∑
q=1
6∑
s=1
8s∑
n=8s−7
6∑
m=3
∫
(Rˆ3/O×Zc2)m
un(p,x) dZ
+ns
q (p)O×Zc2T
q
ijkl,
where un(p,x), 1 ≤ n ≤ 8 are different products of sines and cosines of
angles in Table 9, (Z0n1 (p), . . . , Z0n9 (p))> (resp. (Z
−ns
1 (p), . . . , Z
−ns
9 (p))
>,
resp. (Z+ns1 (p), . . . , Z
+ns
9 (p))
>) are centred uncorrelated VD2×Zc2-valued ran-
dom measures on (Rˆ3/O × Zc2)m, 0 ≤ m ≤ 1 (resp. on (Rˆ3/O × Zc2)2,
resp. on (Rˆ3/O×Zc2)2, 3 ≤ m ≤ 6) with control measure f 0(p) dΦ(p) (resp.
f−s(p) dΦ(p), resp. f+s(p) dΦ(p)), and where
Tmijkl =
{
O×Zc2T
Ag ,m,1
ijkl , if 1 ≤ m ≤ 3
O×Zc2T
E2g ,bm/2c−1,m mod 2+1
ijkl , if 4 ≤ m ≤ 9.
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Table 9: The matrices gn and the functions jn(p, z) for the group O × Zc2
n gn jn(p, z)
1 ( 1 00 1 ) cos(p3z3)[cos(p1z1 + p2z2) + cos(p1z2 + p2z1)]
2 ( −1 00 1 ) cos(p3z3)[cos(−p1z2 + p2z1) + cos(p2z2 − p1z1)]
3 1
2
(
1 −√3√
3 1
)
2 cos[
√
2p3(z2 − z1)/2] cos[(p2 − p1)(z1 + z2)/2] cos[
√
2(p1 + p2)z3/2]
4 1
2
(
−1 √3√
3 −1
)
cos[
√
2(p1 − p2)z3/2]{cos[(−p1 − p2 +
√
2p3)z1/2 + (p1 + p2 +
√
2p3)z2/2]
+ cos[(−p1 − p2 −
√
2p3)z1/2 + (p1 + p2 −
√
2p3)z2/2]}
5 1
2
(
1
√
3√
3 −1
)
2 cos[
√
2p3(z1 + z2)/2] cos[(p2 − p1)(z2 − z1)/2] cos[
√
2(p1 + p2)z3/2]
6 1
2
(
1 −√3
−√3 −1
)
cos[
√
2(p1 − p2)z3/2]{cos[(p1 + p2 −
√
2p3)z1/2 + (p1 + p2 +
√
2p3)z2/2]
+ cos[(p1 + p2 +
√
2p3)z1/2 + (p1 + p2 −
√
2p3)z2/2]}
5.4 The trigonal class
Introduce the following notation:
j10(p, z) = cos(p1z1 + p3z3) cos(p2z2)
+ cos
[
1
2
(p1 +
√
3p2)z1
]
cos
[
1
2
(
√
3p1 − p2)z2 + p3z3
]
+ cos
[
1
2
(p1 −
√
3p2)z1
]
cos
[
1
2
(−
√
3p1 + p2)z2 + p3z3
]
.
Theorem 10 (A trigonal random field in the trigonal class). The one-point
correlation tensor of a homogeneous and (D3 × Zc2, 6A1g)-isotropic random
field C(x) is
〈C(x)〉ijkl =
6∑
m=1
Cm D3×Zc2T
A1g ,m,1
ijkl ,
where Cm ∈ R. Its two-point correlation tensor has the form
〈C(x),C(y)〉 = 1
3
∫
Rˆ3/D3×Zc2
j10(p,y − x)f(p) dΦ(p),
where f(p) is the Φ-equivalence class of measurable functions acting from
Rˆ3/D3 × Zc2 to the set of nonnegative-definite symmetric linear operators on
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VD3×Z
c
2 with unit trace, and Φ is a finite measure on Rˆ3/D3 × Zc2. The field
has the form
C(x)ijkl =
6∑
m=1
Cm D3×Zc2T
A1g ,m,1
ijkl +
1√
3
6∑
m=1
12∑
n=1
∫
Rˆ3/D3×Zc2
un(p,x) dZ
mn(p)D3×Zc2T
A1g ,m,1
ijkl ,
where (Z1n(p), . . . , Z6n(p))> are 12 centred uncorrelated VD3×Zc2-valued ran-
dom measures on Rˆ3/D3 × Zc2 with control measure f(p) dΦ(p), and where
un(p,x), 1 ≤ n ≤ 4 are four different products of sines and cosines of
p1x1 + p3x3 and p2x2, un(p,x), 5 ≤ n ≤ 8 are four different product of
sines and cosines of 1
2
(p1 +
√
3p2)x1 and 12(
√
3p1 − p2)x2 + p3x3, un(p,x),
9 ≤ n ≤ 12 are four different product of sines and cosines of 1
2
(p1−
√
3p2)x1
and 1
2
(−√3p1 + p2)x2 + p3x3.
Consider a 6 × 6 symmetric nonnegative-definite matrix with unit trace
of the following structure
∗ ∗ ∗ ∗ ∗ c1
∗ ∗ ∗ ∗ ∗ c2
∗ ∗ ∗ ∗ ∗ c3
∗ ∗ ∗ ∗ ∗ c4
∗ ∗ ∗ ∗ ∗ c5
c1 c2 c3 c4 c5 ∗
 , (30)
where stars and ci are arbitrary numbers. Let Φ be a finite measure on
Rˆ3/D6 × Zc2. Let f 0(p) be a Φ-equivalence class of measurable functions
acting from (Rˆ3/D6 × Zc2)m, 0 ≤ m ≤ 2 to the set of nonnegative-definite
symmetric matrices with unit trace such that ci = 0. Let f+(p) be a Φ-
equivalence class of measurable functions acting from (Rˆ3/D6 × Zc2)m, 3 ≤
m ≤ 4 to the set of nonnegative-definite symmetric matrices with unit trace,
and let f−(p) be a Φ-equivalence class of measurable functions acting from
(Rˆ3/D6 × Zc2)m, 3 ≤ m ≤ 4 to the set of nonnegative-definite symmetric
matrices with unit trace such that all cis are multiplied by −1.
Theorem 11 (A hexagonal random field in the trigonal class). The one-
point correlation tensor of a homogeneous and (D6×Zc2, 5A1g⊕B1g-isotropic
random field C(x) is
〈C(x)〉ijkl =
5∑
m=1
Cm D6×Zc2T
A1g ,1,1
ijkl ,
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where Cm ∈ R. Its two-point correlation tensor has the form
〈C(x),C(y)〉 = 1
6
(
2∑
m=0
∫
(Rˆ3/D6×Zc2)m
6∑
n=1
jn(p,y − x)f 0(p) dΦ(p)
+
4∑
m=3
∫
(Rˆ3/D6×Zc2)m
3∑
n=1
jn(p,y − x)f+(p) dΦ(p)
+
4∑
m=3
∫
(Rˆ3/D6×Zc2)m
6∑
n=4
jn(p,y − x)f−(p) dΦ(p)
)
.
The field has the form
C(x)ijkl =
5∑
m=1
Cm D6×Zc2T
A1g ,m,1
ijkl +
1√
6
6∑
q=1
24∑
n=1
2∑
m=0
∫
(Rˆ3/D6×Zc2)m
un(p,x) dZ
0n
q (p)D6×Zc2T
q
ijkl
+
1√
6
6∑
q=1
6∑
s=1
4s∑
n=4s−3
4∑
m=3
∫
(Rˆ3/D6×Zc2)m
un(p,x) dZ
+ns
q (p)D6×Zc2T
q
ijkl
+
1√
6
9∑
q=1
6∑
s=1
4s∑
n=4s−3
4∑
m=3
∫
(Rˆ3/D6×Zc2)m
un(p,x) dZ
−ns
q (p)D6×Zc2T
q
ijkl,
where (Z0n1 (p), . . . , Z0n6 (p))> (resp. (Z
+ns
1 (p), . . . , Z
+ns
6 (p))
>, resp. (Z−ns1 (p), . . . , Z
−ns
6 (p))
>)
are centred uncorrelated VD3×Zc2-valued random measures on (Rˆ3/D6×Zc2)m,
0 ≤ m ≤ 2 (resp. on (Rˆ3/D6 × Zc2)m, 3 ≤ m ≤ 4) with control measure
f 0(p) dΦ(p) (resp. f+(p) dΦ(p), resp. f−(p) dΦ(p)), un(p,x), 1 ≤ n ≤ 8
are different product of sines and cosines of angles in Table 7, and where
T qijkl =
{
D6×Zc2T
A1g ,q,1
ijkl , if 1 ≤ q ≤ 5,
D6×Zc2T
B1g ,m,1
ijkl , otherwise.
5.5 The tetragonal class
Theorem 12 (A tetragonal random field in the tetragonal class). The one-
point correlation tensor of a homogeneous and (D4×Zc2, 6A1g)-isotropic ran-
dom field C(x) is
〈C(x)〉ijkl =
6∑
m=1
Cm D4×Zc2T
A1g ,m,1
ijkl ,
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where Cm ∈ R. Its two-point correlation tensor has the form
〈C(x),C(y)〉 = 1
2
∫
Rˆ3/D4×Zc2
[cos(p1(x1 − y1)) cos(p2(x2 − y2))
+ cos(p1(x2 − y2)) cos(p2(x1 − y1))] cos(p3(x3 − y3))f(p) dΦ(p),
where f(p) is a Φ-equivalence class of measurable functions acting from
Rˆ3/D4 × Zc2 to the set of nonnegative-definite symmetric linear operators
on VD4×Zc2 with unit trace, and Φ is a finite measure on Rˆ3/D4 × Zc2. The
field has the form
C(x)ijkl =
6∑
m=1
Cm D4×Zc2T
A1g ,m,1
ijkl +
1√
2
6∑
m=1
16∑
n=1
∫
Rˆ3/D4×Zc2
un(p,x) dZ
mn(p)D4×Zc2T
A1g ,m,1
ijkl ,
where (Z1n(p), . . . , Z6n(p))> are 16 centred uncorrelated VD4×Zc2-valued ran-
dom measures on Rˆ3/D4 × Zc2 with control measure f(p) dΦ(p), and where
un(p,x) are eight different product of sines and cosines of prxr for 1 ≤ n ≤ 8
and eight different product of sines and cosines of p1x2, p2x1, and p3x3 for
9 ≤ n ≤ 16.
Consider a 6 × 6 symmetric nonnegative-definite matrix with unit trace
of the structure (30). Let Φ be a finite measure on Rˆ3/D8 × Zc2. Let f 0(p)
be a Φ-equivalence class of measurable functions acting from (Rˆ3/D8×Zc2)m,
0 ≤ m ≤ 1 to the set of nonnegative-definite symmetric matrices with unit
trace such that ci = 0. Let f+(p) be a Φ-equivalence class of measurable
functions acting from (Rˆ3/D8 × Zc2)m, 2 ≤ m ≤ 4 to the set of nonnegative-
definite symmetric matrices with unit trace, and let f−(p) be a Φ-equivalence
class of measurable functions acting from (Rˆ3/D8 × Zc2)m, 2 ≤ m ≤ 4 to the
set of nonnegative-definite symmetric matrices with unit trace such that all
cis are multiplied by −1.
Introduce the following notation.
j+13(p, z) = 2 cos(p3z3)[cos(p1z1 + p2z2) + cos(p2z1 − p1z2) + cos((p1 + p2)(z1 + z2)/
√
2)
+ cos((p2z2 − p1z1)/
√
2− p3z3) cos((p1z2 + p2z1)/
√
2)],
j−13(p, z) = cos(p3z3)[2 cos(p1z1 − p2z2) + 2 cos(p2z1 + p1z2)
+ cos((p1z1 + p2z2)/
√
2) cos((p2z1 − p1z2)/
√
2)].
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Theorem 13 (An octagonal random field in the tetragonal class). The one-
point correlation tensor of a homogeneous and (D8×Zc2, 5A1g⊕B1g-isotropic
random field C(x) is
〈C(x)〉ijkl =
5∑
m=1
Cm D8×Zc2T
A1g ,1,1
ijkl ,
where Cm ∈ R. Its two-point correlation tensor has the form
〈C(x),C(y)〉 = 1
4
(
1∑
m=0
∫
(Rˆ3/D8×Zc2)m
(j+13(p,y − x) + j−13(p,y − x))f 0(p) dΦ(p)
+
4∑
m=2
∫
(Rˆ3/D8×Zc2)m
j+13(p,y − x)f+(p) dΦ(p)
+
4∑
m=2
∫
(Rˆ3/D8×Zc2)m
j−13(p,y − x)f−(p) dΦ(p)
)
.
The field has the form
C(x)ijkl =
5∑
m=1
Cm D8×Zc2T
A1g ,m,1
ijkl +
1
2
6∑
q=1
32∑
n=1
1∑
m=0
∫
(Rˆ3/D8×Zc2)m
un(p,x) dZ
0n
q (p)D8×Zc2T
q
ijkl
+
1
2
6∑
q=1
16∑
n=1
4∑
m=2
∫
(Rˆ3/D8×Zc2)m
un(p,x) dZ
+n
q (p)D8×Zc2T
q
ijkl
+
1
2
6∑
q=1
32∑
n=17
4∑
m=2
∫
(Rˆ3/D8×Zc2)m
un(p,x) dZ
−n
q (p)D8×Zc2T
q
ijkl,
where (Z0n1 (p), . . . , Z0n6 (p))> (resp. (Z
+n
1 (p), . . . , Z
+n
6 (p))
>, resp. (Z−n1 (p), . . . , Z
−n
6 (p))
>)
are centred uncorrelated VD4×Zc2-valued random measures on (Rˆ3/D8×Zc2)m,
0 ≤ m ≤ 1 (resp. on (Rˆ3/D8 × Zc2)m, 2 ≤ m ≤ 4) with control measure
f 0(p) dΦ(p) (resp. f+(p) dΦ(p), resp. f−(p) dΦ(p)), un(p,x), 1 ≤ n ≤ 8
are different product of sines and cosines of angles in Table 7, and where
T qijkl =
{
D8×Zc2T
A1g ,q,1
ijkl , if 1 ≤ q ≤ 5,
D8×Zc2T
B1g ,m,1
ijkl , otherwise.
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5.6 The transverse isotropic class
Theorem 14 (A transverse isotropic random field in the transverse isotropic
class). The one-point correlation tensor of the homogeneous and (O(2) ×
Zc2, 5U
0gg)-isotropic mean-square continuous random field C(x) has the form
〈C(x)〉 =
5∑
m=1
Cm O(2)×Zc2T
U0gg ,m,1
ijkl ,
where Cm ∈ R. Its two-point correlation tensor has the form
〈C(x),C(y)〉 =
∫
Rˆ3/O(2)×Zc2
J0
(√
(p21 + p
2
2)((y1 − x1)2 + (y2 − x2)2)
)
× cos(p3(y3 − x3))f(p) dΦ(p),
where Φ is a measure on Rˆ3/O(2) × Zc2, and f(p) is a Φ-equivalence class
of measurable functions on Rˆ3/O(2) × Zc2 with values in the compact set of
all nonnegative-definite linear operators in the space VO(2)×Zc2 with unit trace.
The field has the form
C(x) =
5∑
m=1
Cm O(2)×Zc2T
0⊗A,m,1
ijkl
+
5∑
m=1
∫
Rˆ3/O(2)×Zc2
J0
(√
(p21 + p
2
2)(x
2
1 + x
2
2)
)
× (cos(p3x3)dZ01m(p)O(2)×Zc2TU
0gg ,m,1
ijkl + sin(p3x3)dZ
02m(p)O(2)×Zc2T
U0gg ,m,1
ijkl )
+
√
2
∞∑
`=1
5∑
m=1
∫
Rˆ3/O(2)×Zc2
J`
(√
(p21 + p
2
2)(x
2
1 + x
2
2)
)
× (cos(p3x3) cos(`ϕp)dZ`1m(p)O(2)×Zc2TU
0gg ,m,1
ijkl
+ cos(p3x3) sin(`ϕp)dZ
`2m(p)O(2)×Zc2T
U0gg ,m,1
ijkl
+ sin(p3x3) cos(`ϕp)dZ
`3m(p)O(2)×Zc2T
U0gg ,m,1
ijkl
+ sin(p3x3) sin(`ϕp)dZ
`4m(p)O(2)×Zc2T
U0gg ,m,1
ijkl ),
where (Z`i1(p), . . . , Z`i5(p))> are centred uncorrelated VO(2)×Zc2-valued ran-
dom measures on Rˆ3/O(2)×Zc2 with control measure f(p) dΦ(p), and where
J` are the Bessel functions.
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5.7 The cubic class
Theorem 15 (A cubic random field in the cubic class). The one-point cor-
relation tensor of the homogeneous and (O×Zc2, 3A1g)-isotropic mean-square
continuous random field C(x) has the form
〈C(x)〉 =
3∑
m=1
Cm O×Zc2T
A1g ,m,1
ijkl ,
where Cm ∈ R. Its two-point correlation tensor has the form
〈C(x),C(y)〉 =
∫
Rˆ3/O×Zc2
8∑
m=0
jm(x− y,p)f(p) dΦ(p),
where the functions jm(z,p) are shown in Table 9, Φ is a measure on Rˆ3/O×
Zc2, and f(p) is a Φ-equivalence class of measurable functions on Rˆ3/O×Zc2
with values in the compact set of all nonnegative-definite linear operators in
the space VO×Zc2 with unit trace. The field has the form
C(x) =
3∑
m=1
Cm O×Zc2T
A1g ,m,1
ijkl +
3∑
m=1
48∑
n=1
∫
Rˆ3/O×Zc2
un(x,p) dZ
mn(p)O×Zc2T
A1g ,m,1
ijkl ,
where (Z1n(p), . . . , Z3n(p))> are 48 centred uncorrelated VO×Zc2-valued ran-
dom measures on Rˆ3/O × Zc2 with control measure f(p) dµ(p), and where
un(x,p) are different products of sines and cosines of angles from Table 9.
5.8 The isotropic class
Theorem 16 (An isotropic random field in the isotropic class). The one-
point correlation tensor of the homogeneous and (O(3), 2U0g)-isotropic mean-
square continuous random field C(x) has the form
〈C(x)〉 = C1δijδkl + C2(δikδjl + δilδjk), Cm ∈ R.
Its two-point correlation tensor has the form
〈C(x),C(y)〉 =
∫ ∞
0
sin(λ‖y − x‖)
λ‖y − x‖ f(λ) dΦ(λ),
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where Φ(λ) is a finite measure on [0,∞),
f(λ) =
(
v1(λ) v2(λ)
v2(λ) 1− v1(λ)
)
,
and where v(λ) = (v1(λ), v2(λ))> is a Φ-equivalence class of measurable func-
tions on [0,∞) taking values in the closed disk (v1(λ)− 1/2)2 + v22(λ) ≤ 1/4.
The field itself has the form
Cijkl(ρ, θ, ϕ) = C1δijδkl + C2(δikδjl + δilδjk) + 2
√
pi
∞∑
`=0
∑`
m=`
Sm` (θ, ϕ)
∫ ∞
0
j`(λρ)
× (O(3)T0,1,0ijkl dZm`1(λ) + O(3)T0,2,0ijkl dZm`2(λ)),
where (Zm`1 , Zm`2)> is the set of mutually uncorrelated VO(3)-valued random
measures with f(λ) dΦ(λ) as their common control measure.
6 A sketch of proofs of Theorems 1–16
The first display formulae in Theorems 1–16 follow directly from Theorem 0.
Now we need to prove that (17) is equivalent to the second display for-
mulae in each theorem. The easiest cases arise when K = H, i.e., in The-
orems 1, 3, 5, 10, 12, 14–16. Then the representation U is the direct sum
of the dim V copies of the trivial representation of the group K, the mat-
rix f(p) is nonnegative-definite with unit trace and no further restrictions
appear. In Theorems 14 and 16, the group K is infinite, and the integral
in (15) is calculated directly. Otherwise, the group K is discrete. The sets
(R3/K)M−1 ⊂ R3 and (Rˆ3/K)M−1 ⊂ Rˆ3 have nonempty interior. The co-
ordinate ρM−1 ∈ (R3/K)M−1 may be identified with the coordinate x ∈ R3,
similarly for λM−1 ∈ (Rˆ3/K)M−1 and p ∈ Rˆ3. The representation U ` is
trivial. Equation (15) takes the form
j(p,x) =
1
|G|
∑
g∈G
ei(gp,x),
where |G| is the number of elements in G. The matrix entries g′ij of the matrix
g ∈ K in the Wigner basis may be found in [1, Table N.7]. To calculate the
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entries gij in the Gordienko basis, use the following result obtained in [10]:
gij =
3∑
k,l=1
uikg
′
klujl,
where uik are the matrix entries of the unitary matrix
U =
1√
2
−1 0 i0 −√2i 0
−1 0 −i
 .
In Theorem 2 we proceed as follows. By Theorem 0,
〈C(x),C(y) =
∫
Eˆ
ei(p,y−x)f(p) dν(λ). (31)
The basis of the 21-dimensional space V is formed by the basis tensors of the
group K2 shown in Table 7. We are interested in the tensors of the uncoupled
basis of the space S2(V) that lie in the spaces of the irreducible components
U2t,g. They are shown in Table 10.
Table 10: The tensors of the uncoupled basis of the space
S2(V) that lie in the spaces of the irreducible components
U2t,g.
Tensor Value
T0,1,0i···l′ T
0,1
ijklT
0,1
i′j′k′l′
T0,2i···l′
1√
2
(T0,1ijklT
0,2
i′j′k′l′ + T
0,1
i′j′k′l′T
0,2
ijkl)
T0,3,0i···l′
2∑
q,q′=−2
g
0[q,q′]
0[2,2] T
2,1,q
ijkl T
2,1,q′
i′j′k′l′
T0,4,0i···l′ T
0,2
ijklT
0,2
i′j′k′l′
T0,5,0i···l′
1√
2
(
2∑
q,q′=−2
g
0[q,q′]
0[2,2] T
2,1,q
ijkl T
2,2,q′
i′j′k′l′ +
2∑
q,q′=−2
g
0[q′,q]
0[2,2] T
2,1,q′
i′j′k′l′T
2,2,q
ijkl )
T0,6,0i···l′
2∑
q,q′=−2
g
0[q,q′]
0[2,2] T
2,2,q
ijkl T
2,2,q′
i′j′k′l′
T0,7,0i···l′
4∑
q,q′=−4
g
0[q,q′]
0[4,4] T
4,1,q
ijkl T
4,1,q′
i′j′k′l′
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Table 10: continued
1 2
T2,1,ui···l′
1√
2
(T0,1ijklT
2,1,u
i′j′k′l′ + T
0,1
i′j′k′l′T
2,1,u
ijkl )
T2,2,ui···l′
1√
2
(T0,2ijklT
2,1,u
i′j′k′l′ + T
0,2
i′j′k′l′T
2,1,u
ijkl )
T2,3,ui···l′
1√
2
(T0,1ijklT
2,2,u
i′j′k′l′ + T
0,1
i′j′k′l′T
2,2,u
ijkl )
T2,4,ui···l′
2∑
q,q′=−2
g
u[q,q′]
2[2,2] T
2,1,q
ijkl T
2,1,q′
i′j′k′l′
T2,5,ui···l′
1√
2
(T0,2ijklT
2,2,u
i′j′k′l′ + T
0,2
i′j′k′l′T
2,2,u
ijkl )
T2,6,ui···l′
1√
2
(
2∑
q=−2
4∑
q′=−4
g
u[q,q′]
2[2,4] T
2,1,q
ijkl T
4,1,q′
i′j′k′l′ +
2∑
q′=−2
4∑
q=−4
g
u[q′,q]
2[2,4] T
2,1,q′
i′j′k′l′T
4,1,q
ijkl )
T2,7,ui···l′
1√
2
(
2∑
q,q′=−2
g
u[q,q′]
2[2,2] T
2,2,q
ijkl T
2,1,q′
i′j′k′l′ +
2∑
q′,q=−2
g
u[q′,q]
2[2,2] T
2,2,q′
i′j′k′l′T
2,1,q
ijkl )
T2,8,ui···l′
2∑
q,q′=−2
g
u[q,q′]
2[2,2] T
2,2,q
ijkl T
2,2,q′
i′j′k′l′
T2,9,ui···l′
1√
2
(
2∑
q=−2
4∑
q′=−4
g
u[q,q′]
2[2,4] T
2,2,q
ijkl T
4,1,q′
i′j′k′l′ +
2∑
q′=−2
4∑
q=−4
g
u[q′,q]
2[2,4] T
2,2,q′
i′j′k′l′T
4,1,q
ijkl )
T2,10,ui···l′
4∑
q,q′=−4
g
u[q,q′]
2[4,4] T
4,1,q
ijkl T
4,1,q′
i′j′k′l′
T4,1,ui···l′
1√
2
(T0,1ijklT
4,1,u
i′j′k′l′ + T
0,1
i′j′k′l′T
4,1,u
ijkl )
T4,2,ui···l′
4∑
q,q′=−4
g
u[q,q′]
4[2,2] T
2,1,q
ijkl T
2,1,q′
i′j′k′l′
T4,3,ui···l′
1√
2
(T0,2ijklT
4,1,u
i′j′k′l′ + T
0,2
i′j′k′l′T
4,1,u
ijkl )
T4,4,ui···l′
1√
2
(
4∑
q,q′=−4
g
u[q,q′]
4[2,2] T
2,2,q
ijkl T
2,1,q′
i′j′k′l′ +
4∑
q′,q=−4
g
u[q′,q]
4[2,2] T
2,2,q′
i′j′k′l′T
2,1,q
ijkl )
T4,5,ui···l′
1√
2
(
2∑
q=−2
4∑
q′=−4
g
u[q,q′]
4[2,4] T
2,1,q
ijkl T
4,1,q′
i′j′k′l′ +
2∑
q′=−2
4∑
q=−4
g
u[q′,q]
4[2,4] T
2,1,q′
i′j′k′l′T
4,1,q
ijkl )
T4,6,ui···l′
4∑
q,q′=−4
g
u[q,q′]
4[2,2] T
2,2,q
ijkl T
2,2,q′
i′j′k′l′
Continued at next page
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Table 10: continued
1 2
T4,7,ui···l′
1√
2
(
2∑
q=−2
4∑
q′=−4
g
u[q,q′]
4[2,4] T
2,2,q
ijkl T
4,1,q′
i′j′k′l′ +
2∑
q′=−2
4∑
q=−4
g
u[q′,q]
4[2,4] T
2,2,q′
i′j′k′l′T
4,1,q
ijkl )
T4,8,ui···l′
4∑
q,q′=−4
g
u[q,q′]
4[4,4] T
4,1,q
ijkl T
4,1,q′
i′j′k′l′
T6,1,ui···l′
1√
2
(
2∑
q=−2
4∑
q′=−4
g
u[q,q′]
6[2,4] T
2,1,q
ijkl T
4,1,q′
i′j′k′l′ +
2∑
q′=−2
4∑
q=−4
g
u[q′,q]
6[2,4] T
2,1,q′
i′j′k′l′T
4,1,q
ijkl )
T6,2,ui···l′
1√
2
(
2∑
q=−2
4∑
q′=−4
g
u[q,q′]
6[2,4] T
2,2,q
ijkl T
4,1,q′
i′j′k′l′ +
2∑
q′=−2
4∑
q=−4
g
u[q′,q]
6[2,4] T
2,2,q′
i′j′k′l′T
4,1,q
ijkl )
T6,3,ui···l′
4∑
q,q′=−4
g
u[q,q′]
6[4,4] T
4,1,q
ijkl T
4,1,q′
i′j′k′l′
T8,1,ui···l′
4∑
q,q′=−4
g
u[q,q′]
8[4,4] T
4,1,q
ijkl T
4,1,q′
i′j′k′l′
The function f(λ) takes the form
fi···l′(λ) =
4∑
t=0
m2t∑
v=1
f2t,v(λ)T
2t,v,0
i···l′ (32)
with f2t,v(0) = 0 for t ≥ 1, where m0 = 7, m2 = 10, m4 = 8, m6 = 3, and
m8 = 1. When λ = 0, we obtain
fi···l′(0) =
7∑
v=1
f0,v(λ)T
0,v,0
i···l′ .
To simplify this expression, we note that T0,v,0i···l′ = M
0,v
i···l′ . Using MATLAB
Symbolic Math Toolbox, we express the functions Mn,m(p) as linear com-
binations of the functions Lmi···l′(p) given in Table 6. The results are given in
Table 11.
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Table 11: The functions Mn,m(p) expressed as linear
combinations of the functions Lmi···l′(p)
Mn,mi···l′ (p) Linear combination
M0,1i···l′
1
9
L0,1i···l′
M0,2i···l′ −
√
2
9
√
5
L1i···l′ +
1
6
√
10
L2i···l′
M0,3i···l′ − 29√5L1i···l′ + 112√5L3i···l′
M0,4i···l′
1
45
L1i···l′ − 130L2i···l′ + 120L4i···l′
M0,5i···l′
8
9
√
35
L1i···l′ − 13√35L2i···l′ − 13√35L3i···l′ + 18√35L5i···l′
M0,6i···l′
11
63
√
5
L1i···l′ − 142√5L2i···l′ −
√
5
42
L3i···l′ − 128√5L4i···l′ + 128√5L5i···l′
+ 3
28
√
5
L6i···l′ − 356√5L7i···l′
M0,7i···l′ − 135L1i···l′ + 2105L2i···l′ + 184L3i···l′ − 1210L4i···l′ − 184L5i···l′
+ 1
168
L6i···l′ +
1
56
L7i···l′
M2,1i···l′(p) −
√
2
9
L1i···l′ +
1
6
√
2
L8i···l′(p)
M2,2i···l′(p)
√
2
9
√
5
L1i···l′ − 16√10L2i···l′ − 16√10L8i···l′(p) + 14√10L9i···l′(p)
M2,3i···l′(p)
4
9
√
7
L1i···l′ − 16√7L2i···l′ − 13√7L8i···l′(p) + 14√7L10i···l′(p)
M2,4i···l′(p)
4
√
2
9
√
7
L1i···l′ − 16√14L3i···l′ −
√
2
3
√
7
L8i···l′(p) +
1
4
√
14
L11i···l′(p)
M2,5i···l′(p) − 49√35L1i···l′ + 12√35L2i···l′ − 12√35L4i···l′ + 13√35L8i···l′(p)
− 1
2
√
35
L9i···l′(p)− 14√35L10i···l′(p) + 38√35L12i···l′(p)
M2,6i···l′(p) −
√
2
7
√
5
L1i···l′ +
√
2
21
√
5
L2i···l′ +
√
5
84
√
2
L3i···l′ −
√
5
168
√
2
L5i···l′
+ 3
14
√
10
L8i···l′(p)− 142√10L9i···l′(p)−
√
5
42
√
2
L10i···l′(p)−
√
5
42
√
2
L11i···l′(p)
+
√
5
168
√
2
L13i···l′(p) +
√
5
56
√
2
L14i···l′(p)
M2,7i···l′(p) −11
√
2
63
L1i···l′ − 142√2L2i···l′ − 542√2L3i···l′ + 156√2L5i···l′
− 11
42
√
2
L8i···l′(p)− 128√2L9i···l′(p) + 114√2L10i···l′(p) + 114√2L11i···l′(p)
+ 3
28
√
2
L13i···l′(p)− 356√2L14i···l′(p)
M2,8i···l′(p)
37
63
√
14
L1i···l′ − 542√14L2i···l′ − 2
√
2
21
√
7
L3i···l′ +
1
28
√
14
L4i···l′
+ 1
28
√
14
L5i···l′ +
3
28
√
14
L6i···l′ − 356√14L7i···l′ − 542√14L8i···l′(p)
− 5
28
√
14
L9i···l′(p) +
1
28
√
14
L10i···l′(p) +
1
14
√
14
L11i···l′(p) +
3
56
√
14
L12i···l′(p)
− 3
28
√
14
L13i···l′(p) +
3
56
√
14
L14i···l′(p) +
9
56
√
14
L15i···l′(p)− 9112√14L16i···l′(p)
M2,9i···l′(p) − 117√35L1i···l′ + 132√35L2i···l′ + 5
√
5
42
√
7
L3i···l′ +
3
28
√
35
L4i···l′
− 11
√
5
336
√
7
L5i···l′ −
√
5
28
√
7
L6i···l′ −
√
5
56
√
7
L7i···l′ +
9
14
√
35
L8i···l′(p)
+ 1
21
√
35
L9i···l′(p) +
1
42
√
35
L10i···l′(p)−
√
5
42
√
7
L11i···l′(p)− 314√35L12i···l′(p)
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Table 11: continued
1 2
−
√
5
21
√
7
L13i···l′(p)−
√
5
56
√
7
L14i···l′(p) +
√
5
112
√
7
L15i···l′(p) +
3
√
5
112
√
7
L16i···l′(p)
M2,10i···l′ (p)
13
14
√
77
L1i···l′ − 6584√77L2i···l′ + 184√77L3i···l′ + 67168√77L4i···l′
+ 25
168
√
77
L5i···l′ − 65168√77L6i···l′ −
√
11
112
√
7
L7i···l′ − 328√77L8i···l′(p)
+ 19
56
√
77
L9i···l′(p) +
13
56
√
77
L10i···l′(p)− 956√77L11i···l′(p)− 17112√77L12i···l′(p)
− 25
56
√
77
L13i···l′(p) +
√
11
112
√
7
L14i···l′(p) +
5
112
√
77
L15i···l′(p)− 3
√
11
224
√
7
L16i···l′(p)
+
√
7
16
√
11
L17i···l′(p)
M4,1i···l′(p)
1
6
√
35
L1i···l′ +
1
12
√
35
L2i···l′ −
√
5
12
√
7
L8i···l′(p)−
√
5
12
√
7
L10i···l′(p)
+
√
35
12
L18i···l′(p)
M4,2i···l′(p)
1
3
√
70
L1i···l′ +
1
12
√
70
L3i···l′ −
√
5
6
√
14
L8i···l′(p)−
√
5
12
√
14
L11i···l′(p)
+
√
35
12
√
2
L19i···l′(p)
M4,3i···l′(p) − 130√7L1i···l′ + 1120√7L2i···l′ + 120√7L4i···l′ + 112√7L8i···l′(p)
− 1
8
√
7
L9i···l′(p) +
1
12
√
7
L10i···l′(p)− 18√7L12i···l′(p)−
√
7
12
L18i···l′(p)
+
√
7
8
L20i···l′(p)
M4,4i···l′(p) −17
√
2
21
√
5
L1i···l′ +
3
7
√
10
L2i···l′ +
13
42
√
10
L3i···l′ − 114√10L5i···l′
+13
√
5
42
√
2
L8i···l′(p)−
√
5
14
√
2
L9i···l′(p)− 3
√
5
28
√
2
L10i···l′(p)−
√
5
42
√
2
L11i···l′(p)
−
√
5
28
√
2
L13i···l′(p) +
√
5
56
√
2
L14i···l′(p)−
√
5
3
√
2
L19i···l′(p) +
√
5
8
√
2
L21i···l′(p)
M4,5i···l′(p) − 1321√11L1i···l′ + 184√11L2i···l′ + 17√11L3i···l′ − 1112√11L5i···l′
+ 67
84
√
11
L8i···l′(p) +
1
56
√
11
L9i···l′(p) +
25
84
√
11
L10i···l′(p)− 956√11L11i···l′(p)
− 5
28
√
11
L13i···l′(p)−
√
11
112
L14i···l′(p)− 73√11L18i···l′(p)− 12√11L19i···l′(p)
− 1
4
√
11
L21i···l′(p) +
7
16
√
11
L22i···l′(p)
M4,6i···l′(p)
√
2
21
√
35
L1i···l′ − 3
√
2
7
√
35
L2i···l′ +
5
√
5
42
√
14
L3i···l′ +
3
√
2
7
√
35
L4i···l′
− 1
7
√
70
L5i···l′ − 37√70L6i···l′ + 314√70L7i···l′ − 17
√
5
42
√
14
L8i···l′(p)
+11
√
10
56
√
7
L9i···l′(p) +
9
√
10
56
√
7
L10i···l′(p)−
√
5
42
√
14
L11i···l′(p)− 15
√
5
56
√
14
L12i···l′(p)
+
√
10
56
√
7
L13i···l′(p)−
√
10
112
√
7
L14i···l′(p)− 3
√
10
112
√
7
L15i···l′(p) +
3
√
10
224
√
7
L16i···l′(p)
+
√
10
3
√
7
L19i···l′(p)−
√
10
4
√
7
L21i···l′(p) +
3
√
10
16
√
7
L23i···l′(p)
M4,7i···l′(p) − 19
√
2
21
√
77
L1i···l′ +
17
84
√
154
L2i···l′ +
17
28
√
154
L3i···l′ − 128√154L4i···l′
−
√
11
84
√
14
L5i···l′ − 328√154L6i···l′ + 356√154L7i···l′ − 52
√
2
21
√
77
L8i···l′(p)
− 37
28
√
154
L9i···l′(p)− 17
√
2
21
√
77
L10i···l′(p)− 928√154L11i···l′(p) + 5356√154L12i···l′(p)
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1 2
− 67
28
√
154
L13i···l′(p) +
71
112
√
154
L14i···l′(p)− 3112√154L15i···l′(p)− 3
√
11
84
√
14
L16i···l′(p)
−
√
7
6
√
22
L18i···l′(p)− 172√154L19i···l′(p)−
√
7
4
√
22
L20i···l′(p) +
23
√
7
56
√
22
L21i···l′(p)
+
√
7
8
√
22
L22i···l′(p)− 32√154L23i···l′(p) + 3
√
7
4
√
22
L24i···l′(p)− 3
√
7
16
√
22
L25i···l′(p)
M4,8i···l′(p)
571
35
√
2002
L1i···l′ +
41
35
√
2002
L2i···l′ − 45756√2002L3i···l′ − 31370√2002L4i···l′
+ 87
56
√
2002
L5i···l′ +
127
28
√
2002
L6i···l′ − 3
√
13
28
√
154
L7i···l′ − 53114√2002L8i···l′(p)
+ 31
√
2
7
√
1001
L9i···l′(p) +
2
√
26
7
√
77
L10i···l′(p) +
185
28
√
2002
L11i···l′(p)− 1728√2002L12i···l′(p)
+ 1055
56
√
2002
L13i···l′(p)− 33556√2002L14i···l′(p)− 37556√2002L15i···l′(p) + 13556√2002L16i···l′(p)
− 5
√
7
8
√
286
L17i···l′(p) +
2
√
14√
143
L18i···l′(p) +
205
4
√
2002
L19i···l′(p)−
√
7√
286
L20i···l′(p)
− 75
4
√
2002
L21i···l′(p)− 5
√
7
4
√
286
L22i···l′(p) +
15
2
√
2002
L23i···l′(p)− 25
√
7
8
√
286
L24i···l′(p)
+ 15
√
7
8
√
286
L25i···l′(p)
M6,1i···l′(p)
3
2
√
77
L1i···l′ − 512√77L2i···l′ − 512√77L3i···l′ + 112√77L5i···l′
−8963
√
11
9240
√
7
L8i···l′(p) +
√
7
24
√
11
L9i···l′(p) +
√
7
12
√
11
L10i···l′(p) +
√
7
12
√
11
L11i···l′(p)
+
√
7
24
√
11
L13i···l′(p) +
35
4
√
77
L18i···l′(p)−
√
7
4
√
11
L19i···l′(p)−
√
11
8
√
7
L21i···l′(p)
−
√
77
8
L26i···l′(p)
M6,2i···l′(p)
6
√
2
7
√
11
L1i···l′ − 4343980√22L2i···l′ − 2342√22L3i···l′ + 110√22L4i···l′
+ 5
√
11
392
√
2
L5i···l′ +
1
7
√
22
L6i···l′ +
2
49
√
22
L7i···l′ +
97
294
√
22
L8i···l′(p)
+ 377
420
√
22
L9i···l′(p) +
1
24
√
22
L10i···l′(p) +
1
6
√
22
L11i···l′(p) +
39
280
√
22
L12i···l′(p)
+ 5
6
√
22
L13i···l′(p)− 18√22L14i···l′(p)− 149√22L15i···l′(p)− 195
√
11
392
√
2
L16i···l′(p)
+ 2
√
2
11
√
11
L18i···l′(p) +
2
√
2√
11
L19i···l′(p)− 94√22L20i···l′(p)− 58√22L21i···l′(p)
− 1
4
√
22
L22i···l′(p)− 34√22L23i···l′(p)− 32√22L24i···l′(p) + 38√22L25i···l′(p)
+3
√
11
8
√
2
L27i···l′(p)
M6,3i···l′(p) − 97√55L1i···l′ −
√
5
84
√
11
L2i···l′ +
25
√
5
168
√
11
L3i···l′ +
19
41
√
55
L4i···l′
− 61
336
√
55
L5i···l′ − 3784√55L6i···l′ +
√
5
28
√
11
L7i···l′ +
9
2
√
55
L8i···l′(p)
− 7
4
√
55
L9i···l′(p)− 2√55L10i···l′(p)− 916√55L11i···l′(p) + 38√55L12i···l′(p)
− 19
8
√
55
L13i···l′(p) +
19
16
√
55
L14i···l′(p) +
17
16
√
55
L15i···l′(p)− 716√55L16i···l′(p)
+ 7
16
√
55
L17i···l′(p) +
1
2
√
55
L18i···l′(p) +
3
16
√
55
L19i···l′(p) +
√
5
4
√
11
L20i···l′(p)
+ 23
8
√
55
L21i···l′(p)− 4316√55L22i···l′(p) + 378√55L23i···l′(p)− 132√55L24i···l′(p)
− 3
4
√
55
L25i···l′(p)−
√
11
2
√
5
L26i···l′(p)−
√
11
2
√
5
L27i···l′(p) +
7
√
11
16
√
5
L28i···l′(p)
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1 2
M8,1i···l′(p) − 368335880√1430L1i···l′ + 5199
√
11
33320
√
130
L2i···l′ +
5717
3528
√
1430
L3i···l′ − 4219
√
11
723240
√
130
L4i···l′
− 437
882
√
1430
L5i···l′ +
433
3528
√
1430
L6i···l′ +
√
143
1764
√
10
L7i···l′ +
27
8
√
1430
L8i···l′(p)
− 3
8
√
1430
L9i···l′(p) +
√
13
8
√
110
L10i···l′(p)− 98√1430L11i···l′(p)− 78√1430L12i···l′(p)
− 3
8
√
1430
L13i···l′(p)− 213
√
11
2744
√
130
L14i···l′(p)− 38√1430L15i···l′(p) +
√
11
16
√
130
L16i···l′(p)
− 41
56
√
1430
L17i···l′(p)− 7
√
11
8
√
130
L18i···l′(p)− 65728√1430L19i···l′(p) +
√
55
8
√
26
L20i···l′(p)
+ 41
8
√
1430
L21i···l′(p) +
829
56
√
1430
L22i···l′(p)− 5129392√1430L23i···l′(p) + 202756√1430L24i···l′(p)
− 83
8
√
1430
L25i···l′(p)−
√
143
8
√
10
L26i···l′(p)−
√
143
8
√
10
L27i···l′(p)−
√
143
8
√
10
L28i···l′(p)
+3
√
715
8
√
2
L29i···l′(p)
We enumerate the 21 indexes ijk` in the following order: −1− 1− 1− 1,
0000, 1111, 0101, −11− 11, −10− 10, −1− 100, −1− 111, 0011, −11− 10,
−1−101, 1101, 0001, 01−11, 11−10, −1−1−10, 00−10, 01−10, −1−1−11,
11−11, 00−11. With this order, the matrix fII′(λ) becomes block-diagonal.
We chose 29 linearly independent elements of the above matrix according to
Table 12.
Table 12: The elements of the matrix fII′(λ).
I I ′ fII′(λ)
1 1 1
9
f 0,1(λ) + 4
45
f 0,4(λ) + 8
√
5
315
f 0,6(λ) + 4
√
5
45
f 0,3(λ) + 8
105
f 0,7(λ)
+2
√
10
45
f 0,2(λ) + 8
√
35
315
f 0,5(λ)− 4
√
14
441
f 2,8(λ)− 2
√
14
63
f 2,4(λ)
−8
√
77
1617
f 2,10(λ)− 4
√
10
105
f 2,6(λ)− 8
√
35
735
f 2,9(λ)−
√
2
9
f 2,1(λ)
−2
√
7
63
f 2,3(λ)− 4
√
35
315
f 2,5(λ)− 4
√
2
63
f 2,7(λ)− 2
√
10
45
f 2,2(λ)
+
√
70
245
f 4,6(λ) +
√
70
70
f 4,2(λ) + 27
√
2002
35035
f 4,8(λ) + 2
√
11
77
f 4,5(λ)
+2
√
154
539
f 4,7(λ) +
√
7
35
f 4,3(λ) +
√
35
70
f 4,1(λ) +
√
10
35
f 4,4(λ)
−
√
55
231
f 6,3(λ)− 5
√
77
462
f 6,1(λ)− 5
√
22
462
f 6,2(λ) + 7
√
1430
6864
f 8,1(λ)
1 2 1
9
f 0,1(λ) + 4
45
f 0,4(λ)− 4
√
5
315
f 0,6(λ)− 2
√
5
45
f 0,3(λ) + 1
35
f 0,7(λ)
+2
√
10
45
f 0,2(λ)− 4
√
35
315
f 0,5(λ)− 4
√
14
441
f 2,8(λ)− 2
√
14
63
f 2,4(λ)
+2
√
77
539
f 2,10(λ)−
√
10
210
f 2,6(λ)−
√
35
735
f 2,9(λ) +
√
2
18
f 2,1(λ) +
√
7
63
f 2,3(λ)
+2
√
35
315
f 2,5(λ)− 4
√
2
63
f 2,7(λ) +
√
10
45
f 2,2(λ)− 4
√
70
735
f 4,6(λ)
−2
√
70
105
f 4,2(λ) + 27
√
2002
35035
f 4,8(λ)−
√
11
231
f 4,5(λ)−
√
154
1617
f 4,7(λ)
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1 2 3
+11
√
7
210
f 4,3(λ) + 11
√
35
420
f 4,1(λ)− 4
√
10
105
f 4,4(λ) + 2
√
55
385
f 6,3(λ)
−
√
77
462
f 6,1(λ)−
√
22
462
f 6,2(λ) +
√
1430
715
f 8,1(λ)
1 6 1
15
f 0,4(λ) +
√
5
105
f 0,6(λ) − 4
105
f 0,7(λ) +
√
10
60
f 0,2(λ) +
√
35
210
f 0,5(λ) −
2
√
14
147
f 2,8(λ)− 5
√
77
1617
f 2,10(λ)+ 3
√
10
140
f 2,6(λ)+
√
35
196
f 2,9(λ)+
√
7
84
f 2,3(λ)−√
2
21
f 2,7(λ)−
√
10
60
f 2,2(λ)−
√
70
980
f 4,6(λ)+
√
2002
140140
f 4,8(λ)− 5
√
11
462
f 4,5(λ)+
2
√
154
1617
f 4,7(λ)−
√
7
120
f 4,3(λ)−
√
35
105
f 4,1(λ)−
√
10
280
f 4,4(λ) +
√
55
462
f 6,3(λ) +√
77
154
f 6,1(λ) + 9
√
22
1232
f 6,2(λ)−
√
1430
858
f 8,1(λ)
1 7 1
9
f 0,1(λ) − 2
45
f 0,4(λ) − 4
√
5
315
f 0,6(λ) +
√
5
45
f 0,3(λ) − 4
105
f 0,7(λ) +√
10
90
f 0,2(λ)−
√
35
315
f 0,5(λ)+ 8
√
14
441
f 2,8(λ)− 2
√
14
63
f 2,4(λ)− 5
√
77
1617
f 2,10(λ)+
2
√
10
105
f 2,6(λ)+ 11
√
35
1470
f 2,9(λ)−
√
2
36
f 2,1(λ)− 2
√
7
63
f 2,3(λ)−
√
35
315
f 2,5(λ)+
2
√
2
63
f 2,7(λ)+
√
10
45
f 2,2(λ)+
√
70
735
f 4,6(λ)−
√
70
420
f 4,2(λ)+
√
2002
140140
f 4,8(λ)+√
11
462
f 4,5(λ)− 17
√
154
3234
f 4,7(λ)− 11
√
7
420
f 4,3(λ)−
√
35
420
f 4,1(λ)+
√
10
420
f 4,4(λ)+√
55
462
f 6,3(λ) + 13
√
77
1848
f 6,1(λ) + 5
√
22
924
f 6,2(λ)−
√
1430
858
f 8,1(λ)
1 8 1
9
f 0,1(λ)− 2
45
f 0,4(λ)− 4
√
5
315
f 0,6(λ) +
√
5
45
f 0,3(λ)− 4
105
f 0,7(λ)
+
√
10
90
f 0,2(λ)−
√
35
315
f 0,5(λ)− 4
√
14
441
f 2,8(λ) +
√
14
63
f 2,4(λ)
+13
√
77
1617
f 2,10(λ)−
√
10
105
f 2,6(λ) +
√
35
294
f 2,9(λ)−
√
2
9
f 2,1(λ)
+
√
7
63
f 2,3(λ) +
√
35
63
f 2,5(λ)−
√
2
63
f 2,7(λ)−
√
10
90
f 2,2(λ)− 4
√
70
735
f 4,6(λ) +√
70
105
f 4,2(λ) − 109
√
2002
140140
f 4,8(λ) − 2
√
11
231
f 4,5(λ) + 5
√
154
3234
f 4,7(λ) −√
7
420
f 4,3(λ) +
√
35
105
f 4,1(λ) −
√
10
105
f 4,4(λ) +
√
55
462
f 6,3(λ) −
√
77
231
f 6,1(λ) +
5
√
22
924
f 6,2(λ) +
√
1430
6864
f 8,1(λ)
2 2 1
9
f 0,1(λ) + 4
45
f 0,4(λ) + 8
√
5
315
f 0,6(λ) + 4
√
5
45
f 0,3(λ) + 8
105
f 0,7(λ) +
2
√
10
45
f 0,2(λ) + 8
√
35
315
f 0,5(λ) + 8
√
14
441
f 2,8(λ) + 4
√
14
63
f 2,4(λ) +
16
√
77
1617
f 2,10(λ) + 8
√
10
105
f 2,6(λ) + 16
√
35
735
f 2,9(λ) + 2
√
2
9
f 2,1(λ) +
4
√
7
63
f 2,3(λ)+ 8
√
35
315
f 2,5(λ)+ 8
√
2
63
f 2,7(λ)+ 4
√
10
45
f 2,2(λ)+ 8
√
70
735
f 4,6(λ)+
4
√
70
105
f 4,2(λ) + 72
√
2002
35035
f 4,8(λ) + 16
√
11
231
f 4,5(λ) + 16
√
154
1617
f 4,7(λ) +
8
√
7
105
f 4,3(λ)+ 4
√
35
105
f 4,1(λ)+ 8
√
10
105
f 4,4(λ)+ 16
√
55
1155
f 6,3(λ)+ 8
√
77
231
f 6,1(λ)+
8
√
22
231
f 6,2(λ) + 8
√
1430
2145
f 8,1(λ)
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1 2 3
2 4 1
15
f 0,4(λ) +
√
5
105
f 0,6(λ) − 4
105
f 0,7(λ) +
√
10
60
f 0,2(λ) +
√
35
210
f 0,5(λ) +√
14
147
f 2,8(λ)− 8
√
77
1617
f 2,10(λ)− 2
√
10
105
f 2,6(λ)−
√
35
735
f 2,9(λ)+
√
7
84
f 2,3(λ)+√
35
70
f 2,5(λ)+
√
2
42
f 2,7(λ)+
√
10
30
f 2,2(λ)+
√
70
245
f 4,6(λ)− 36
√
2002
35035
f 4,8(λ)−
4
√
11
231
f 4,5(λ)−
√
154
1617
f 4,7(λ) +
√
7
105
f 4,3(λ)−
√
35
105
f 4,1(λ) +
√
10
70
f 4,4(λ)−
8
√
55
1155
f 6,3(λ)− 2
√
77
231
f 6,1(λ)−
√
22
462
f 6,2(λ)− 4
√
1430
2145
f 8,1(λ)
2 5 1
15
f 0,4(λ) − 2
√
5
105
f 0,6(λ) + 1
105
f 0,7(λ) +
√
10
60
f 0,2(λ) −
√
35
105
f 0,5(λ) −
2
√
14
147
f 2,8(λ)+ 2
√
77
1617
f 2,10(λ)+
√
10
210
f 2,6(λ)−
√
35
147
f 2,9(λ)−
√
7
42
f 2,3(λ)−√
2
21
f 2,7(λ)+
√
10
30
f 2,2(λ)− 2
√
70
245
f 4,6(λ)+ 9
√
2002
35035
f 4,8(λ)+
√
11
231
f 4,5(λ)−
5
√
154
1617
f 4,7(λ) +
√
7
30
f 4,3(λ) +
√
35
420
f 4,1(λ)−
√
10
35
f 4,4(λ) + 2
√
55
1155
f 6,3(λ) +√
77
462
f 6,1(λ)− 5
√
22
462
f 6,2(λ) +
√
1430
2145
f 8,1(λ)
2 7 1
9
f 0,1(λ) − 2
45
f 0,4(λ) − 4
√
5
315
f 0,6(λ) +
√
5
45
f 0,3(λ) − 4
105
f 0,7(λ) +√
10
90
f 0,2(λ)−
√
35
315
f 0,5(λ)− 4
√
14
441
f 2,8(λ)+
√
14
63
f 2,4(λ)− 8
√
77
1617
f 2,10(λ)−√
10
105
f 2,6(λ)− 8
√
35
735
f 2,9(λ) + 5
√
2
36
f 2,1(λ) +
√
7
63
f 2,3(λ)− 4
√
35
315
f 2,5(λ)−√
2
63
f 2,7(λ)−
√
10
90
f 2,2(λ)− 4
√
70
735
f 4,6(λ)+
√
70
105
f 4,2(λ)− 36
√
2002
35035
f 4,8(λ)−
2
√
11
231
f 4,5(λ)− 8
√
154
1617
f 4,7(λ)− 4
√
7
105
f 4,3(λ)+
√
35
105
f 4,1(λ)−
√
10
105
f 4,4(λ)−
8
√
55
1155
f 6,3(λ)−
√
77
231
f 6,1(λ)− 4
√
22
231
f 6,2(λ)− 4
√
1430
2145
f 8,1(λ)
4 4 1
20
f 0,4(λ) +
√
5
70
f 0,6(λ) + 3
70
f 0,5(λ) −
√
14
196
f 2,8(λ) + 2
√
77
539
f 2,10(λ) +√
35
980
f 2,9(λ) +
√
35
140
f 2,5(λ) + 9
√
70
3920
f 4,6(λ) + 17
√
2002
140140
f 4,8(λ) −
13
√
154
2156
f 4,7(λ)−
√
7
35
f 4,3(λ)−
√
55
770
f 6,3(λ)−
√
22
308
f 6,2(λ) +
√
1430
715
f 8,1(λ)
4 5 1
20
f 0,4(λ) −
√
5
140
f 0,6(λ) − 1
210
f 0,5(λ) −
√
14
196
f 2,8(λ) −
√
77
1617
f 2,10(λ) +
9
√
35
1960
f 2,9(λ) −
√
35
280
f 2,5(λ) − 3
√
70
980
f 4,6(λ) − 9
√
2002
70070
f 4,8(λ) +
9
√
154
4312
f 4,7(λ)− 3
√
7
280
f 4,3(λ)−
√
55
1155
f 6,3(λ)+ 9
√
22
1232
f 6,2(λ)−
√
1430
4290
f 8,1(λ)
4 9 − 1
30
f 0,4(λ) − 2
√
5
105
f 0,6(λ) + 3
70
f 0,7(λ) +
√
10
60
f 0,2(λ) +
√
35
210
f 0,5(λ) +√
14
147
f 2,8(λ) + 2
√
77
539
f 2,10(λ) +
√
10
840
f 2,6(λ)−
√
35
5880
f 2,9(λ) +
√
7
84
f 2,3(λ)−√
35
140
f 2,5(λ)−
√
2
84
f 2,7(λ)+
√
10
120
f 2,2(λ)− 3
√
70
980
f 4,6(λ)+ 17
√
2002
140140
f 4,8(λ)−
13
√
11
924
f 4,5(λ)+13
√
154
12936
f 4,7(λ)−
√
7
210
f 4,3(λ)−
√
35
105
f 4,1(λ)+3
√
10
560
f 4,4(λ)−√
55
770
f 6,3(λ)−
√
77
924
f 6,1(λ) +
√
22
1848
f 6,2(λ) +
√
1430
715
f 8,1(λ)
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Table 12: continued
1 2 3
5 5 1
20
f 0,4(λ) +
√
5
70
f 0,6(λ) + 3
70
f 0,5(λ) +
√
14
98
f 2,8(λ) − 4
√
77
539
f 2,10(λ) −√
35
490
f 2,9(λ) −
√
35
70
f 2,5(λ) + 3
√
70
490
f 4,6(λ) + 127
√
2002
140140
f 4,8(λ) −√
154
1078
f 4,7(λ) +
√
7
140
f 4,3(λ)−
√
55
770
f 6,3(λ)−
√
22
308
f 6,2(λ) +
√
1430
11440
f 8,1(λ)
5 7 − 1
30
f 0,4(λ) +
√
5
105
f 0,6(λ) − 1
210
f 0,7(λ) +
√
10
60
f 0,2(λ) −
√
35
420
f 0,5(λ) +√
14
147
f 2,8(λ)−
√
77
1617
f 2,10(λ) +
√
10
840
f 2,6(λ) +
√
35
294
f 2,9(λ)−
√
7
42
f 2,3(λ)−√
2
84
f 2,7(λ) +
√
10
120
f 2,2(λ) +
√
70
245
f 4,6(λ)− 9
√
2002
70070
f 4,8(λ) +
√
11
924
f 4,5(λ) +
5
√
154
3234
f 4,7(λ)−
√
7
60
f 4,3(λ) +
√
35
420
f 4,1(λ)−
√
10
140
f 4,4(λ)−
√
55
1155
f 6,3(λ) +√
77
1848
f 6,1(λ) + 5
√
22
924
f 6,2(λ)−
√
1430
4290
f 8,1(λ)
7 7 1
9
f 0,1(λ) + 1
45
f 0,4(λ) + 8
√
5
315
f 0,6(λ) +
√
5
45
f 0,3(λ) + 3
70
f 0,7(λ) −√
10
45
f 0,2(λ)− 4
√
35
315
f 0,5(λ)− 4
√
14
441
f 2,8(λ)−
√
14
126
f 2,4(λ)+ 2
√
77
539
f 2,10(λ)+√
10
420
f 2,6(λ)−
√
35
735
f 2,9(λ) +
√
2
18
f 2,1(λ)− 2
√
7
63
f 2,3(λ) + 2
√
35
315
f 2,5(λ) +
2
√
2
63
f 2,7(λ)−
√
10
90
f 2,2(λ)+
√
70
245
f 4,6(λ)+
√
70
280
f 4,2(λ)+ 17
√
2002
140140
f 4,8(λ)−
13
√
11
462
f 4,5(λ) + 13
√
154
1617
f 4,7(λ) + 2
√
7
105
f 4,3(λ) − 2
√
35
105
f 4,1(λ) −√
10
70
f 4,4(λ)−
√
55
770
f 6,3(λ)−
√
77
462
f 6,1(λ) +
√
22
231
f 6,2(λ) +
√
1430
715
f 8,1(λ)
8 8 1
9
f 0,1(λ) + 1
45
f 0,4(λ) + 8
√
5
315
f 0,6(λ) +
√
5
45
f 0,3(λ) + 3
70
f 0,7(λ) −√
10
45
f 0,2(λ) − 4
√
35
315
f 0,5(λ) + 8
√
14
441
f 2,8(λ) +
√
14
63
f 2,4(λ) −
4
√
77
539
f 2,10(λ)−
√
10
210
f 2,6(λ)+ 2
√
35
735
f 2,9(λ)−
√
2
9
f 2,1(λ)+ 4
√
7
63
f 2,3(λ)−
4
√
35
315
f 2,5(λ)− 4
√
2
63
f 2,7(λ) +
√
10
45
f 2,2(λ) + 8
√
70
735
f 4,6(λ) +
√
70
105
f 4,2(λ) +
127
√
2002
140140
f 4,8(λ) −
√
11
231
f 4,5(λ) + 2
√
154
1617
f 4,7(λ) −
√
7
210
f 4,3(λ) +√
35
210
f 4,1(λ)− 4
√
10
105
f 4,4(λ)−
√
55
770
f 6,3(λ)−
√
77
462
f 6,1(λ) +
√
22
231
f 6,2(λ) +√
1430
11440
f 8,1(λ)
10 10 3
√
5
280
f 0,6(λ) + 1
42
f 0,7(λ) + 3
√
14
784
f 2,8(λ)−
√
77
1617
f 2,10(λ)−
√
35
392
f 2,9(λ)−
3
√
70
980
f 4,6(λ) − 69
√
2002
112112
f 4,8(λ) − 3
√
154
8624
f 4,7(λ) + 59
√
55
18480
f 6,3(λ) +√
22
308
f 6,2(λ)−
√
1430
4290
f 8,1(λ)
10 11 −
√
5
70
f 0,6(λ) + 1
42
f 0,7(λ) +
√
35
280
f 0,5(λ)−
√
14
196
f 2,8(λ)−
√
77
1617
f 2,10(λ)−√
10
336
f 2,6(λ)+
√
35
2352
f 2,9(λ)+
√
2
112
f 2,7(λ)+
√
70
245
f 4,6(λ)− 69
√
2002
112112
f 4,8(λ)−√
11
1232
f 4,5(λ)+
√
154
17248
f 4,7(λ)−
√
10
140
f 4,4(λ)+ 59
√
55
18480
f 6,3(λ)+
√
77
924
f 6,1(λ)−√
22
1848
f 6,2(λ)−
√
1430
4290
f 8,1(λ)
10 13
√
5
140
f 0,6(λ)− 1
84
f 0,7(λ) +
√
35
280
f 0,5(λ) +
√
14
392
f 2,8(λ)− 17
√
77
12936
f 2,10(λ)
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1 2 3
−
√
10
336
f 2,6(λ) + 5
√
35
1176
f 2,9(λ) +
√
2
112
f 2,7(λ)
−
√
70
490
f 4,6(λ) + 87
√
2002
112112
f 4,8(λ)−
√
11
1232
f 4,5(λ)−
√
154
1568
f 4,7(λ)
−
√
10
140
f 4,4(λ)− 61
√
55
18480
f 6,3(λ) +
√
77
924
f 6,1(λ) +
√
22
168
f 6,2(λ)
−
√
1430
4290
f 8,1(λ)
11 11 2
√
5
105
f 0,6(λ) +
√
5
60
f 0,3(λ) + 1
42
f 0,7(λ) −
√
35
105
f 0,5(λ) +
√
14
147
f 2,8(λ) +√
14
168
f 2,4(λ)−
√
77
1617
f 2,10(λ)−
√
10
168
f 2,6(λ) +
√
35
294
f 2,9(λ)−
√
2
42
f 2,7(λ)−
4
√
70
735
f 4,6(λ) −
√
70
210
f 4,2(λ) − 69
√
2002
112112
f 4,8(λ) −
√
11
616
f 4,5(λ) +√
154
2156
f 4,7(λ)+ 2
√
10
105
f 4,4(λ)+ 59
√
55
18480
f 6,3(λ)+
√
77
462
f 6,1(λ)−
√
22
231
f 6,2(λ)−√
1430
4290
f 8,1(λ)
16 16
√
5
210
f 0,6(λ) +
√
5
60
f 0,3(λ) + 1
21
f 0,7(λ) +
√
35
210
f 0,5(λ) +
√
14
588
f 2,8(λ) +√
14
168
f 2,4(λ)+ 13
√
77
6468
f 2,10(λ)−
√
10
56
f 2,6(λ)−
√
35
196
f 2,9(λ)+
√
2
84
f 2,7(λ)−√
70
735
f 4,6(λ) −
√
70
210
f 4,2(λ) − 3
√
2002
10192
f 4,8(λ) − 3
√
11
616
f 4,5(λ) −
3
√
154
4312
f 4,7(λ)−
√
10
105
f 4,4(λ) +
√
55
336
f 6,3(λ) +
√
77
154
f 6,1(λ) +
√
22
154
f 6,2(λ)−√
1430
858
f 8,1(λ)
12 13
√
5
210
f 0,6(λ) +
√
5
60
f 0,3(λ) − 1
28
f 0,7(λ) +
√
35
210
f 0,5(λ) +
√
14
588
f 2,8(λ) +√
14
168
f 2,4(λ)− 17
√
77
4312
f 2,10(λ)+
√
10
336
f 2,6(λ)+
√
35
1176
f 2,9(λ)+
√
2
84
f 2,7(λ)−√
70
735
f 4,6(λ)−
√
70
210
f 4,2(λ)−27
√
2002
56056
f 4,8(λ)+
√
11
1232
f 4,5(λ)+
√
154
8624
f 4,7(λ)−√
10
105
f 4,4(λ) +
√
55
3080
f 6,3(λ)−
√
77
924
f 6,1(λ)−
√
22
924
f 6,2(λ) +
√
1430
715
f 8,1(λ)
13 13
√
5
210
f 0,6(λ) +
√
5
60
f 0,3(λ) + 1
21
f 0,7(λ) +
√
35
210
f 0,5(λ) +
√
14
588
f 2,8(λ) +√
14
168
f 2,4(λ) + 17
√
77
3234
f 2,10(λ) +
√
10
42
f 2,6(λ) +
√
35
147
f 2,9(λ) +
√
2
84
f 2,7(λ)−√
70
735
f 4,6(λ)−
√
70
210
f 4,2(λ)+ 9
√
2002
14014
f 4,8(λ)+
√
11
154
f 4,5(λ)+
√
154
1078
f 4,7(λ)−√
10
105
f 4,4(λ)−
√
55
2310
f 6,3(λ)− 2
√
77
231
f 6,1(λ)− 2
√
22
231
f 6,2(λ)− 4
√
1430
2145
f 8,1(λ)
18 18 3
√
5
280
f 0,6(λ) + 1
42
f 0,7(λ)− 3
√
14
392
f 2,8(λ) + 2
√
77
1617
f 2,10(λ) +
√
35
196
f 2,9(λ) +
3
√
70
3920
f 4,6(λ)−
√
2002
2548
f 4,8(λ)− 9
√
154
2156
f 4,7(λ)−
√
55
210
f 6,3(λ)+
√
22
308
f 6,2(λ)+√
1430
2145
f 8,1(λ)
18 19
√
5
140
f 0,6(λ) − 1
84
f 0,7(λ) +
√
35
280
f 0,5(λ) −
√
14
196
f 2,8(λ) −
√
77
1617
f 2,10(λ) +√
10
168
f 2,6(λ) +
√
35
2352
f 2,9(λ)−
√
2
56
f 2,7(λ) +
√
70
1960
f 4,6(λ) +
√
2002
5096
f 4,8(λ)−
3
√
11
308
f 4,5(λ)− 3
√
154
8624
f 4,7(λ)+
√
10
560
f 4,4(λ)+
√
55
420
f 6,3(λ)+
√
77
924
f 6,1(λ)+√
22
3696
f 6,2(λ)−
√
1430
4290
f 8,1(λ)
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1 2 3
18 21 −
√
5
70
f 0,6(λ) + 1
42
f 0,7(λ) +
√
35
280
f 0,5(λ) +
√
14
98
f 2,8(λ) + 2
√
77
1617
f 2,10(λ) +√
10
168
f 2,6(λ)−
√
35
1176
f 2,9(λ)−
√
2
56
f 2,7(λ)−
√
70
980
f 4,6(λ)−
√
2002
2548
f 4,8(λ)−
3
√
11
308
f 4,5(λ)+ 3
√
154
4312
f 4,7(λ)+
√
10
560
f 4,4(λ)−
√
55
210
f 6,3(λ)+
√
77
924
f 6,1(λ)−√
22
1848
f 6,2(λ) +
√
1430
2145
f 8,1(λ)
19 19
√
5
210
f 0,6(λ) +
√
5
60
f 0,3(λ) + 1
21
f 0,7(λ) +
√
35
210
f 0,5(λ) −
√
14
294
f 2,8(λ) −√
14
84
f 2,4(λ)− 47
√
77
6468
f 2,10(λ)−
√
10
168
f 2,6(λ)−
√
35
588
f 2,9(λ)−
√
2
42
f 2,7(λ)+√
70
2940
f 4,6(λ) +
√
70
840
f 4,2(λ) + 87
√
2002
112112
f 4,8(λ) + 3
√
11
308
f 4,5(λ) +
3
√
154
2156
f 4,7(λ)+
√
10
420
f 4,4(λ)− 5
√
55
1848
f 6,3(λ)−
√
77
924
f 6,1(λ)−
√
22
924
f 6,2(λ)+√
1430
6864
f 8,1(λ)
19 21 −
√
5
105
f 0,6(λ) +
√
5
60
f 0,3(λ) − 1
84
f 0,7(λ) −
√
35
420
f 0,5(λ) +
√
14
147
f 2,8(λ) −√
14
84
f 2,4(λ)−
√
77
1617
f 2,10(λ) +
√
10
336
f 2,6(λ) +
√
35
294
f 2,9(λ) +
√
2
84
f 2,7(λ)−√
70
1470
f 4,6(λ)+
√
70
840
f 4,2(λ)+
√
2002
5096
f 4,8(λ)−3
√
11
616
f 4,5(λ)−3
√
154
1078
f 4,7(λ)−√
10
840
f 4,4(λ) +
√
55
420
f 6,3(λ) +
√
77
1848
f 6,1(λ) +
√
22
462
f 6,2(λ)−
√
1430
4290
f 8,1(λ)
21 21 2
√
5
105
f 0,6(λ) +
√
5
60
f 0,3(λ) + 1
42
f 0,7(λ) −
√
35
105
f 0,5(λ) − 2
√
14
147
f 2,8(λ) −√
14
84
f 2,4(λ) + 2
√
77
1617
f 2,10(λ) +
√
10
84
f 2,6(λ)−
√
35
147
f 2,9(λ) +
√
2
21
f 2,7(λ) +√
70
735
f 4,6(λ)+
√
70
840
f 4,2(λ)−
√
2002
2548
f 4,8(λ)− 3
√
11
154
f 4,5(λ)+ 3
√
154
539
f 4,7(λ)−√
10
210
f 4,4(λ)−
√
55
210
f 6,3(λ) +
√
77
462
f 6,1(λ)−
√
22
231
f 6,2(λ) +
√
1430
2145
f 8,1(λ)
The remaining non-zero entries of the matrix f(λ) are defined by (20)
and (21). Let ui(λ), 1 ≤ i ≤ 29, be the functions (22). Define the functions
vi(λ), 1 ≤ i ≤ 26, by (23).
We see that the set of extreme points of the set C consists of three con-
nected components. The first one is the 14-dimensional boundary of the 15-
dimensional set of all 9×9 symmetric nonnegative-definite matrices with unit
trace with coordinates v1(λ), . . . , v15(λ). The second one is the 5-dimensional
boundary of the 6-dimensional set of all 4×4 symmetric nonnegative-definite
matrices with unit trace with coordinates v16(λ), . . . , v21(λ). Finally, the
third one is the 4-dimensional boundary of the 5-dimensional set of all 4× 4
symmetric nonnegative-definite matrices with unit trace with coordinates
v22(λ), . . . , v26(λ).
The functions f 2t,v(λ) are expressed in terms of ui(λ) according to Table 13.
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Table 13: The functions f 2t,v(λ).
Function Value
f 0,1(λ) 1
9
u2(λ) +
16
9
u4(λ) +
8
9
u5(λ) +
8
9
u7(λ) +
32
9
u9(λ) +
16
9
u10(λ)
−8
9
u12(λ) +
8
9
u13(λ)− 329 u16(λ)− 169 u26(λ)− 649 u29(λ)
f 0,2(λ) 2
√
2
9
√
5
u2(λ) +
56
√
2
9
√
5
u4(λ)− 8
√
2
9
√
5
u5(λ)− 8
√
2
3
√
5
u6(λ) +
2
√
10
9
u7(λ)
+16
√
2
3
√
5
u8(λ)− 8
√
2
9
√
5
u9(λ) +
32
√
2
9
√
5
u10(λ) +
4
√
2
3
√
5
u11(λ) +
2
√
2
9
√
5
u12(λ)
+4
√
2
9
√
5
u13(λ)− 16
√
2
3
√
5
u14(λ) +
16
√
2
3
√
5
u15(λ) +
56
√
2
9
√
5
u16(λ) +
16
√
2
9
√
5
u26(λ)
−32
√
2
3
√
5
u27(λ)− 16
√
2
3
√
5
u28(λ) +
16
√
2
9
√
5
u29(λ)
f 0,3(λ) 4
3
√
5
u1(λ) +
4
9
√
5
u2(λ)− 16
√
5
9
u4(λ) +
2
9
√
5
u5(λ) +
8
3
√
5
u6(λ)
− 16
9
√
5
u7(λ)− 169√5u9(λ)− 329√5u10(λ) + 169√5u12(λ) + 89√5u13(λ)
+ 16
9
√
5
u16(λ)− 163√5u17(λ) + 83√5u18(λ) + 83√5u19(λ) + 43√5u20(λ)
− 32
3
√
5
u22(λ) +
32
3
√
5
u23(λ) +
4
√
5
9
u26(λ) +
128
9
√
5
u29(λ)
f 0,4(λ) 2
5
u1(λ) +
4
45
u2(λ) +
8
5
u3(λ) +
52
45
u4(λ) +
8
45
u5(λ) +
4
15
u6(λ)
+ 8
45
u7(λ) +
16
15
u8(λ)− 1645u9(λ)− 4445u10(λ) + 1615u11(λ) + 89u12(λ)−16
45
u13(λ) +
16
3
u14(λ)− 3215u15(λ)− 169 u16(λ)− 165 u24(λ)− 85u25(λ)−16
45
u26(λ)− 3215u27(λ) + 3215u28(λ) + 3245u29(λ)
f 0,5(λ) 8
3
√
35
u1(λ) +
8
9
√
35
u2(λ)− 16
√
7
9
√
5
u4(λ)− 89√35u5(λ)− 89√35u7(λ)
− 16
3
√
35
u8(λ) +
8
√
5
9
√
7
u9(λ)− 649√35u10(λ) + 83√35u11(λ)− 8
√
5
9
√
7
u12(λ)
− 8
9
√
35
u13(λ) +
16
3
√
35
u14(λ) +
8
3
√
35
u15(λ)− 889√35u16(λ) + 163√35u17(λ)
− 32
3
√
35
u18(λ) +
16
3
√
35
u19(λ) +
8
3
√
35
u20(λ) +
16
√
5
21
√
7
u22(λ) +
16
3
√
35
u23(λ)
−16
√
5
9
√
7
u26(λ) +
128
3
√
35
u27(λ) +
8
√
5
3
√
7
u28(λ)− 1769√35u29(λ)
f 0,6(λ) 4
√
5
21
u1(λ) +
8
63
√
5
u2(λ) +
4
7
√
5
u3(λ)− 8
√
5
9
u4(λ) +
16
63
√
5
u5(λ)
+ 8
3
√
5
u6(λ) +
16
63
√
5
u7(λ) +
16
21
√
5
u8(λ)− 3263√5u9(λ)− 8
√
5
9
u10(λ)
+ 16
21
√
5
u11(λ)− 169√5u12(λ)− 3263√5u13(λ)− 163√5u14(λ)− 3221√5u15(λ)
+ 32
9
√
5
u16(λ) +
136
21
√
5
u17(λ)− 821√5u18(λ) + 1621√5u19(λ) + 821√5u20(λ)
− 96
7
√
5
u21(λ) +
32
3
√
5
u22(λ)− 3221√5u23(λ) + 8
√
5
7
u24(λ)− 167√5u25(λ)
+32
√
5
63
u26(λ) +
32
√
5
21
u27(λ)− 32
√
5
21
u28(λ)− 64
√
5
63
u29(λ)
f 0,7(λ) − 59
105
u1(λ) +
8
105
u2(λ) +
64
105
u3(λ) +
24
5
u4(λ) +
16
105
u5(λ)− 65u6(λ)
+ 16
105
u7(λ)− 64105u8(λ)− 32105u9(λ)+ 125 u10(λ)− 64105u11(λ)− 32105u13(λ)
+128
105
u15(λ) +
16
7
u17(λ) +
4
7
u18(λ) +
4
21
u19(λ) +
16
21
u20(λ) +
32
7
u21(λ)
−64
21
u23(λ) +
64
35
u24(λ) +
92
35
u25(λ) +
16
35
u26(λ)− 6435u27(λ) + 6435u28(λ)−32
35
u29(λ)
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Table 13: continued
1 2
f 2,1(λ) 2
√
2
9
u2(λ)− 16
√
2
9
u4(λ) +
4
√
2
9
u5(λ) +
4
√
2
9
u7(λ)− 8
√
2
9
u9(λ)
−16
√
2
9
u10(λ)− 4
√
2
9
u12(λ) +
10
√
2
9
u13(λ) +
8
√
2
9
u16(λ)− 8
√
2
9
u26(λ)
+16
√
2
9
u29(λ)
f 2,2(λ) 4
√
2
9
√
5
u2(λ)− 56
√
2
9
√
5
u4(λ)− 4
√
2
9
√
5
u5(λ) +
8
√
2
3
√
5
u6(λ)− 4
√
2
9
√
5
u7(λ)
−16
√
2
3
√
5
u8(λ) +
4
√
10
9
u9(λ)− 32
√
2
9
√
5
u10(λ) +
8
√
2
3
√
5
u11(λ) +
28
√
2
9
√
5
u12(λ)
−4
√
2
9
√
5
u13(λ) +
16
√
2
3
√
5
u14(λ) +
8
√
2
3
√
5
u15(λ) +
4
√
2
9
√
5
u16(λ) +
8
√
2
9
√
5
u26(λ)
+32
√
2
3
√
5
u27(λ)− 8
√
2
3
√
5
u28(λ)− 8
√
10
9
u29(λ)
f 2,3(λ) 4
9
√
7
u2(λ)− 809√7u4(λ)− 169√7u5(λ) + 163√7u6(λ) + 209√7u7(λ)
+ 16
3
√
7
u8(λ)− 169√7u9(λ)− 329√7u10(λ) + 43√7u11(λ)− 449√7u12(λ)
+ 8
9
√
7
u13(λ)− 163√7u14(λ) + 163√7u15(λ)− 809√7u16(λ) + 329√7u26(λ)
− 32
3
√
7
u27(λ)− 163√7u28(λ) + 329√7u29(λ)
f 2,4(λ) −4
√
2
3
√
7
u1(λ) +
4
√
2
9
√
7
u2(λ) +
16
√
14
9
u4(λ) +
2
√
2
9
√
7
u5(λ)− 8
√
2
3
√
7
u6(λ)
−16
√
2
9
√
7
u7(λ)− 16
√
2
9
√
7
u9(λ) +
64
√
2
9
√
7
u10(λ) +
16
√
2
9
√
7
u12(λ) +
8
√
2
9
√
7
u13(λ)
+16
√
2
9
√
7
u16(λ)− 8
√
2
3
√
7
u17(λ) +
4
√
2
3
√
7
u18(λ) +
4
√
2
3
√
7
u19(λ) +
2
√
2
3
√
7
u20(λ)
−16
√
2
3
√
7
u22(λ) +
16
√
2
3
√
7
u23(λ)− 4
√
14
9
u26(λ)− 64
√
2
9
√
7
u29(λ)
f 2,5(λ) − 4√
35
u1(λ) +
8
9
√
35
u2(λ) +
8√
35
u3(λ) +
8
9
√
35
u4(λ) +
16
9
√
35
u5(λ)
− 8√
35
u6(λ) +
16
9
√
35
u7(λ) +
8√
35
u8(λ)− 329√35u9(λ) + 1529√35u10(λ)
+ 8√
35
u11(λ)− 169√35u12(λ)− 329√35u13(λ)− 24√35u14(λ)− 16√35u15(λ)
+ 32
9
√
35
u16(λ)− 16√35u24(λ) + 16√35u25(λ)− 329√35u26(λ)− 16√35u27(λ)
+ 16√
35
u28(λ) +
64
9
√
35
u29(λ)
f 2,6(λ) −2
√
10
21
u1(λ) +
8
√
2
21
√
5
u2(λ) +
16
√
2
7
√
5
u4(λ)− 8
√
2
21
√
5
u5(λ)− 4
√
2
7
√
5
u6(λ)
− 8
√
2
21
√
5
u7(λ) +
64
√
2
21
√
5
u8(λ) +
8
√
10
21
u9(λ) +
16
√
2
21
√
5
u10(λ)− 32
√
2
21
√
5
u11(λ)
+16
√
2
21
√
5
u12(λ)− 8
√
2
21
√
5
u13(λ)− 64
√
2
21
√
5
u14(λ)− 32
√
2
21
√
5
u15(λ)− 32
√
2
21
√
5
u16(λ)
+16
√
10
21
u17(λ)− 4
√
10
21
u18(λ)− 4
√
10
7
u19(λ)+
8
√
10
21
u20(λ)− 32
√
10
21
u22(λ)
+16
√
10
21
u23(λ) +
8
√
2
3
√
5
u26(λ) +
32
√
2
21
√
5
u27(λ) +
16
√
2
3
√
5
u28(λ)− 8
√
10
21
u29(λ)
f 2,7(λ) −8
√
2
21
u1(λ) +
8
√
2
63
u2(λ) +
272
√
2
63
u4(λ)− 8
√
2
63
u5(λ)− 32
√
2
21
u6(λ)
−8
√
2
63
u7(λ)− 16
√
2
21
u8(λ) +
40
√
2
63
u9(λ) +
128
√
2
63
u10(λ) +
8
√
2
21
u11(λ)
−40
√
2
63
u12(λ)− 8
√
2
63
u13(λ) +
16
√
2
21
u14(λ) +
8
√
2
21
u15(λ)− 88
√
2
63
u16(λ)
+8
√
2
21
u17(λ)− 16
√
2
21
u18(λ) +
8
√
2
21
u19(λ) +
4
√
2
21
u20(λ) +
40
√
2
21
u22(λ)
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Table 13: continued
1 2
+8
√
2
21
u23(λ) +
16
√
2
9
u26(λ)− 64
√
2
21
u27(λ)− 8
√
2
3
u28(λ) +
16
√
2
63
u29(λ)
f 2,8(λ) 4
√
2
21
√
7
u1(λ) +
8
√
2
63
√
7
u2(λ) +
4
√
2
7
√
7
u3(λ) +
104
√
2
63
√
7
u4(λ) +
16
√
2
63
√
7
u5(λ)
+8
√
2
7
√
7
u6(λ) +
16
√
2
63
√
7
u7(λ) +
16
√
2
21
√
7
u8(λ)− 32
√
2
63
√
7
u9(λ)− 88
√
2
63
√
7
u10(λ)
+16
√
2
21
√
7
u11(λ)− 16
√
2
9
√
7
u12(λ)− 32
√
2
63
√
7
u13(λ)− 16
√
2
3
√
7
u14(λ)− 32
√
2
21
√
7
u15(λ)
+32
√
2
9
√
7
u16(λ) +
68
√
2
21
√
7
u17(λ)− 4
√
2
21
√
7
u18(λ) +
8
√
2
21
√
7
u19(λ) +
4
√
2
21
√
7
u20(λ)
−48
√
2
7
√
7
u21(λ) +
16
√
2
3
√
7
u22(λ)− 16
√
2
21
√
7
u23(λ)− 8
√
2√
7
u24(λ)− 16
√
2
7
√
7
u25(λ)
−32
√
2
9
√
7
u26(λ)− 32
√
2
3
√
7
u27(λ) +
32
√
2
3
√
7
u28(λ) +
64
√
2
9
√
7
u29(λ)
f 2,9(λ) − 32
21
√
35
u1(λ) +
16
21
√
35
u2(λ)− 327√35u3(λ) + 327√35u4(λ) + 3221√35u5(λ)
− 8
7
√
35
u6(λ) +
32
21
√
35
u7(λ)− 1621√35u8(λ)− 6421√35u9(λ) + 10421√35u10(λ)
− 16
21
√
35
u11(λ)− 163√35u12(λ)− 6421√35u13(λ)+ 643√35u14(λ)+ 3221√35u15(λ)
+ 32
3
√
35
u16(λ)− 64
√
5
21
√
7
u17(λ) +
40
√
5
21
√
7
u18(λ)− 8
√
5
7
√
7
u19(λ) +
16
√
5
21
√
7
u20(λ)
+32
√
5
7
√
7
u21(λ) +
32
√
5
3
√
7
u22(λ)− 64
√
5
21
√
7
u23(λ) +
32√
35
u24(λ) +
16
7
√
35
u25(λ)
− 32
3
√
35
u26(λ) +
16
3
√
35
u27(λ)− 163√35u28(λ) + 643√35u29(λ)
f 2,10(λ) 206
21
√
77
u1(λ) +
16
21
√
77
u2(λ) +
128
21
√
77
u3(λ)− 48
√
11
7
√
7
u4(λ) +
32
21
√
77
u5(λ)
+12
√
11
7
√
7
u6(λ)+
32
21
√
77
u7(λ)− 12821√77u8(λ)− 6421√77u9(λ)− 24
√
11
7
√
7
u10(λ)
− 128
21
√
77
u11(λ)− 6421√77u13(λ)+ 25621√77u15(λ)− 8
√
11
7
√
7
u17(λ)− 2
√
11
7
√
7
u18(λ)
+ 202
21
√
77
u19(λ) +
136
21
√
77
u20(λ)− 16
√
11
7
√
7
u21(λ)− 54421√77u23(λ)
−24
√
11
7
√
7
u25(λ)
f 4,1(λ) 4
3
√
35
u2(λ) +
32
3
√
35
u4(λ)− 163√35u5(λ)− 83√35u6(λ) + 4
√
5
3
√
7
u7(λ)
− 64
3
√
35
u8(λ)− 163√35u9(λ) + 8√35u10(λ)− 163√35u11(λ)− 163√35u12(λ)
+ 8
3
√
35
u13(λ) +
64
3
√
35
u14(λ)− 643√35u15(λ) + 323√35u16(λ) + 323√35u26(λ)
+ 128
3
√
35
u27(λ) +
64
3
√
35
u28(λ) +
32
3
√
35
u29(λ)
f 4,2(λ) 2
√
2
3
√
35
u1(λ) +
4
√
2
3
√
35
u2(λ) +
2
√
2
3
√
35
u5(λ) +
4
√
2
3
√
35
u6(λ)− 16
√
2
3
√
35
u7(λ)
−16
√
2
3
√
35
u9(λ) +
8
√
2
3
√
35
u10(λ) +
16
√
2
3
√
35
u12(λ) +
8
√
2
3
√
35
u13(λ) +
16
√
2
3
√
35
u16(λ)
+32
√
2
3
√
35
u17(λ)− 16
√
2
3
√
35
u18(λ)− 16
√
2
3
√
35
u19(λ)− 8
√
2
3
√
35
u20(λ) +
64
√
2
3
√
35
u22(λ)
−64
√
2
3
√
35
u23(λ) +
16
√
2√
35
u29(λ)
f 4,3(λ) 2
5
√
7
u1(λ) +
8
15
√
7
u2(λ)− 325√7u3(λ) + 6415√7u4(λ) + 1615√7u5(λ)
− 16
15
√
7
u6(λ) +
16
15
√
7
u7(λ) +
16
15
√
7
u8(λ)− 3215√7u9(λ) + 45√7u10(λ)
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Table 13: continued
1 2
+ 16
21
√
7
u11(λ) +
8
3
√
7
u12(λ)− 3215√7u13(λ)− 323√7u14(λ)− 3215√7u15(λ)
− 16
3
√
7
u16(λ) +
64
5
√
7
u24(λ)− 85√7u25(λ)− 3215√7u26(λ)− 3215√7u27(λ)
+ 32
15
√
7
u28(λ) +
64
15
√
7
u29(λ)
f 4,4(λ) 4
√
2
21
√
5
u1(λ) +
8
√
2
21
√
5
u2(λ) +
16
√
2
7
√
5
u4(λ)− 8
√
2
21
√
5
u5(λ)− 8
√
10
21
u6(λ)
− 8
√
2
21
√
5
u7(λ)− 16
√
2
7
√
5
u8(λ) +
8
√
10
21
u9(λ) +
16
√
2
21
√
5
u10(λ) +
8
√
2
7
√
5
u11(λ)
−8
√
10
21
u12(λ)− 8
√
2
21
√
5
u13(λ) +
16
√
2
7
√
5
u14(λ) +
8
√
2
7
√
5
u15(λ)− 88
√
2
21
√
5
u16(λ)
−32
√
2
21
√
5
u17(λ)+
64
√
2
21
√
5
u18(λ)− 32
√
2
21
√
5
u19(λ)− 16
√
2
21
√
5
u20(λ)− 32
√
10
21
u22(λ)
−32
√
2
21
√
5
u23(λ) +
48
√
2
7
√
5
u27(λ)− 32
√
2
7
√
5
u29(λ)
f 4,5(λ) 12
7
√
11
u1(λ) +
16
21
√
11
u2(λ)− 32
√
11
21
u4(λ)− 1621√11u5(λ) + 8
√
11
21
u6(λ)
− 16
21
√
11
u7(λ)+
128
21
√
11
u8(λ)+
80
21
√
11
u9(λ)− 647√11u10(λ)− 6421√11u11(λ)
+ 32
21
√
11
u12(λ)− 1621√11u13(λ)− 12821√11u14(λ)− 6421√11u15(λ)
− 64
21
√
11
u16(λ)+
16
7
√
11
u17(λ)− 47√11u18(λ)− 127√11u19(λ)+ 87√11u20(λ)
− 32
7
√
11
u22(λ)+
16
7
√
11
u23(λ)− 163√11u26(λ)− 83221√11u27(λ)− 323√11u28(λ)
− 304
21
√
11
u29(λ)
f 4,6(λ) 8
√
10
21
√
7
u1(λ) +
8
√
2
21
√
35
u2(λ) +
12
√
2
7
√
35
u3(λ)− 8
√
10
7
√
7
u4(λ) +
16
√
2
21
√
35
u5(λ)
+128
√
2
21
√
35
u6(λ) +
16
√
2
21
√
35
u7(λ) +
16
√
2
7
√
35
u8(λ)− 32
√
2
21
√
35
u9(λ)− 40
√
10
21
√
7
u10(λ)
+16
√
2
7
√
35
u11(λ)− 16
√
2
3
√
35
u12(λ)− 32
√
2
21
√
35
u13(λ)− 16
√
2√
35
u14(λ)− 32
√
2
7
√
35
u15(λ)
+32
√
2
3
√
35
u16(λ)− 272
√
2
21
√
35
u17(λ) +
16
√
2
21
√
35
u18(λ)− 32
√
2
21
√
35
u19(λ)
− 16
√
2
21
√
35
u20(λ)+
192
√
2
7
√
35
u21(λ)− 64
√
2
3
√
35
u22(λ)+
64
√
2
21
√
35
u23(λ)− 48
√
2
7
√
35
u25(λ)
f 4,7(λ) 8
√
2
7
√
77
u1(λ) +
16
√
2
21
√
77
u2(λ)− 32
√
2
7
√
77
u3(λ)− 32
√
22
21
√
7
u4(λ) +
32
√
2
21
√
77
u5(λ)
+8
√
22
21
√
7
u6(λ) +
32
√
2
21
√
77
u7(λ)− 16
√
2
21
√
77
u8(λ)− 64
√
2
21
√
77
u9(λ)− 40
√
2
7
√
77
u10(λ)
− 16
√
2
21
√
77
u11(λ)− 16
√
2
3
√
77
u12(λ)− 64
√
2
21
√
77
u13(λ)+
64
√
2
3
√
77
u14(λ)+
32
√
2
21
√
77
u15(λ)
+32
√
2
3
√
77
u16(λ)− 32
√
2
7
√
77
u17(λ) +
20
√
2
7
√
77
u18(λ)− 12
√
2
7
√
77
u19(λ) +
8
√
2
7
√
77
u20(λ)
+48
√
2
7
√
77
u21(λ) +
16
√
2√
77
u22(λ)− 32
√
2
7
√
77
u23(λ)− 32
√
2√
77
u24(λ) +
16
√
2
7
√
77
u25(λ)
+32
√
2
3
√
77
u26(λ)− 16
√
2
3
√
77
u27(λ) +
16
√
2
3
√
77
u28(λ)− 64
√
2
3
√
77
u29(λ)
f 4,8(λ) − 536
√
2
35
√
1001
u1(λ) +
72
√
2
35
√
1001
u2(λ) +
576
√
2
35
√
1001
u3(λ) +
32
√
286
35
√
7
u4(λ)
+ 144
√
2
35
√
1001
u5(λ)− 8
√
286
35
√
7
u6(λ) +
144
√
2
35
√
1001
u7(λ)− 576
√
2
35
√
1001
u8(λ)
− 288
√
2
35
√
1001
u9(λ)− 16
√
286
35
√
7
u10(λ)− 576
√
2
35
√
1001
u11(λ)− 288
√
2
35
√
1001
u13(λ)
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Table 13: continued
1 2
+ 1152
√
2
35
√
1001
u15(λ)− 48
√
26
7
√
77
u17(λ)− 12
√
26
7
√
77
u18(λ) +
228
√
2
7
√
1001
u19(λ)
+ 72
√
2
7
√
1001
u20(λ)− 96
√
26
7
√
77
u21(λ)− 288
√
2
7
√
1001
u23(λ)− 32
√
26
5
√
77
u24(λ)
+148
√
26
35
√
77
u25(λ)− 8
√
26
5
√
77
u26(λ) +
32
√
26
5
√
77
u27(λ)− 32
√
26
5
√
77
u28(λ)
+16
√
26
5
√
77
u29(λ)
f 6,1(λ) − 4
3
√
77
u1(λ) +
8
3
√
77
u2(λ)− 83√77u5(λ)− 83√77u7(λ) + 643√77u8(λ)
+ 40
3
√
77
u9(λ)− 83√77u10(λ)− 323√77u11(λ) + 163√77u12(λ)− 83√77u13(λ)
− 64
3
√
77
u14(λ)− 323√77u15(λ)− 323√77u16(λ)− 643√77u17(λ) + 163√77u18(λ)
+ 16√
77
u19(λ)− 323√77u20(λ) + 1283√77u22(λ)− 643√77u23(λ) + 323√77u26(λ)
− 64
3
√
77
u27(λ) +
64
3
√
77
u28(λ)− 643√77u29(λ)
f 6,2(λ) − 10
√
2
21
√
11
u1(λ) +
8
√
2
21
√
11
u2(λ)− 16
√
2
7
√
11
u3(λ) +
16
√
2
21
√
11
u5(λ) +
16
√
2
21
√
11
u7(λ)
− 8
√
2
21
√
11
u8(λ)− 32
√
2
21
√
11
u9(λ)+
4
√
2
3
√
11
u10(λ)− 8
√
2
21
√
11
u11(λ)− 8
√
2
3
√
11
u12(λ)
− 32
√
2
21
√
11
u13(λ)+
32
√
2
3
√
11
u14(λ)+
16
√
2
3
√
11
u15(λ)+
16
√
2
3
√
11
u16(λ)+
128
√
2
21
√
11
u17(λ)
− 80
√
2
21
√
11
u18(λ)+
16
√
2
7
√
11
u19(λ)− 32
√
2
21
√
11
u20(λ)− 64
√
2
7
√
11
u21(λ)− 64
√
2
3
√
11
u22(λ)
+128
√
2
21
√
11
u23(λ)+
64
√
2
7
√
11
u24(λ)+
8
√
2
7
√
11
u25(λ)− 64
√
2
21
√
11
u26(λ)+
32
√
2
21
√
11
u27(λ)
− 32
√
2
21
√
11
u28(λ) +
128
√
2
21
√
11
u29(λ)
f 6,3(λ) 8
21
√
55
u1(λ) +
16
21
√
55
u2(λ) +
128
21
√
55
u3(λ) +
32
21
√
55
u5(λ) +
32
21
√
55
u7(λ)
− 128
21
√
55
u8(λ)− 6421√55u9(λ)− 12821√55u11(λ)− 6421√55u13(λ)+ 25621√55u15(λ)
+32
√
5
7
√
11
u17(λ)+
8
√
5
7
√
11
u18(λ)− 12821√55u19(λ)− 821√55u20(λ)+ 64
√
5
7
√
11
u21(λ)
+ 32
21
√
55
u23(λ)− 64
√
5
7
√
11
u24(λ)− 8
√
5
7
√
11
u25(λ)− 16
√
5
7
√
11
u26(λ)+
64
√
5
7
√
11
u27(λ)
−64
√
5
7
√
11
u28(λ) +
32
√
5
7
√
11
u29(λ)
f 8,1(λ) 4
√
2
3
√
715
u1(λ) +
8
√
2
3
√
715
u2(λ) +
64
√
2
3
√
715
u3(λ) +
16
√
2
3
√
715
u5(λ) +
16
√
2
3
√
715
u7(λ)
− 64
√
2
3
√
715
u8(λ)− 32
√
2
3
√
715
u9(λ)− 64
√
2
3
√
715
u11(λ)− 32
√
2
3
√
715
u13(λ)+
128
√
2
3
√
715
u15(λ)
− 64
√
2
3
√
715
u19(λ)− 64
√
2
3
√
715
u20(λ) +
256
√
2
3
√
715
u23(λ)
Substitute these values to (32). We obtain the matrix entries fi···`′(p)
expresses in terms of ui(λ) andMn,m(p). Using Table 11, we express fi···`′(p)
in terms of ui(λ) and Lqi···`′(p). Substitute the obtained expression into (31)
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and use the Rayleigh expansion
ei(p,y) = 4pi
∞∑
`=0
∑`
m=−`
i`j`(λρ)S
m
` (θp, ϕp)S
m
` (θy, ϕy), (33)
where j` are the spherical Bessel functions, Sm` are real-valued spherical har-
monics, (ρ, θy, ϕy) are the spherical coordinates of the point y ∈ E, and
(λ, θp, ϕp) are those of the point p ∈ Eˆ. We obtain (24) with
dΦ1(λ) = (u1(λ) + · · ·+ u6(λ)) dν(λ),
dΦ2(λ) = (u17(λ) + · · ·+ u20(λ)) dν(λ),
dΦ3(λ) = (u24(λ) + · · ·+ u26(λ)) dν(λ).
Using Table 12, we obtain
u17(0) + · · ·+ u20(0) = 1
2
√
5
f 0,3(0) +
11
28
√
5
f 0,6(0) +
2
7
f 0,7(0),
u24(0) + · · ·+ u26(0) = 1
4
√
5
f 0,3(0) +
11
56
√
5
f 0,6(0) +
1
7
f 0,7(0),
which proves (25).
In the case of Theorem 6, the restrictions of the representation B1g to
the subgroups H0 = D4 × Zc2 and H1 = Z4 = {E,C+4 , C−4 , C2} do not
contain the trivial representations of these groups, therefore the matrix B
in (26) is 0. The restrictions of the representation B1g to the subgroups
H2 = Z2 = {E,C2}, H3 = Z−2 = {E, σh}, and H4 = {E} contain the trivial
representations of these groups. Choose the set (D4 × Zc2)/Z4 as
(D4 × Zc2)/Z4 = {Z4, C ′21Z4, iZ4, σv1Z4}.
By [1, Table 33.10], the representation g 7→ g of the group D4 × Zc2 has the
form A2u ⊕ Eu. We calculate the matrix entries of the above representation
using [1, Table 33.7]. The sum
1
8
∑
exp[i((A2u ⊕ Eu)(gj)p, z)]
over gj ∈ Z4 ∪ iZ4 is j1(p, z), the similar sum over gj ∈ C ′21Z4 ∪ σv1Z4 is
j2(p, z). The representation B1g takes value −1 on C ′21Z4 ∪ σv1Z4, hence
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f−(p) is obtained from f+(p) by multiplying B and B> by −1. Equation 27
follows.
In the case of Theorem 7, the symmetric part of the tensor square of the
representation E2g is A1g⊕E2g, where A1g acts in the linear space of matrices
(28) with b = c = d = 0, and E2g acts in the space with a = d = 0. The
skew-symmetric part of the above tensor square is A2g and acts in the space
with a = b = c = 0. The restrictions of the representations E2g and A2g
to the subgroups H0 = D6 × Zc2 and H1 = D3 do not contain the trivial
representation of these groups, therefore ci = 0 and Ai satisfy b = c = d = 0
on (Rˆ3/D6 × Zc2)m, 0 ≤ m ≤ 1. The restriction of the representation E2g
to the subgroup H2 = D2 contains the trivial representation of H2, while
that of the representation A2g does not contain the trivial representation
of H2. Therefore Ai are symmetric in f−(p). Finally, the restrictions of
the representations E2g and A2g to the subgroups H3 = Zc2 and H4 = {E}
contain the trivial representation of these groups. By [1, Table 35.10], the
representation g 7→ g of the group D6×Zc2 is A2u⊕E1u. The group D6×Zc2
is the union of the sets Gn, 1 ≤ n ≤ 6 as follows: G1 = {E,C2, i, σh},
G2 = {C ′21, C ′′21, σd1, σv1}, G3 = {C+6 , C−3 , S−3 , S+6 }, G4 = {C−6 , C+3 , S+3 , S−6 },
G5 = {C ′22, C ′′22, σd2, σv2}, and G6 = {C ′23, C ′′23, σd3, σv3}. The representation
E2g maps the elements of the set Gn to the matrix gn, and the sum
1
4
∑
g∈Gn
exp[i((A2u ⊕ E1u)(g)p, z)]
is equal to jn(p, z). Under the action of the representation E2g all cj become
gicj, the vectors (b, c)> become gi(b, c)>, all Aj become giAjg−1i .
In the case of Theorem 8, the restrictions of the representation 1Eg⊕ 2Eg
to the subgroups H0 = T × Zc2 and H1 = Z3 × Zc2 do not contain the trivial
representations of these groups, therefore ci = 0 in f 0(p). The symmetric
tensor square of 1Eg ⊕ 2Eg is Ag ⊕ E, where Ag acts in the one-dimensional
space generated by the identity matrix, therefore Ai must be proportional
to the identity matrix. The restrictions of the representation 1Eg ⊕ 2Eg to
the subgroups H2 = Z2, and H3 = Z−2 , and H4 = {E} contain the trivial
representations of these groups. By [1, Table 72.10], the representation g 7→ g
of the group T × Zc2 is Tu. The representation 1Eg ⊕ 2Eg maps the elements
E, C2x, C2y, C2z of the group T × Zc2 to the 2 × 2 identity matrix, and the
elements i, σx, σy, σz to the 2× 2 identity matrix times −1. The sum
1
8
∑
exp[i(Tu(gj)p, z)] (34)
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over the above elements is j1(p, z). Similarly, the elements C+31, C
+
32, C
+
33, and
C+34 are mapping to the matrix g of equation (29), and the elements S
−
61, S
−
62,
S−63, and S
−
64 are mapping to −g. The sum (34) over the above elements is
j2(p, z). Finally, the elements C−31, C
−
32, C
−
33, and C
−
34 are mapping to g−1, and
the elements S+61, S
+
62, S
+
63, and S
+
64 to −g−1. The sum (34) over the above
elements is j3(p, z). Under the action of the representation 1Eg ⊕ 2Eg the
vectors ci and the matrices Ai are transformed according to the explanations
before the text of Theorem 8.
In the case of Theorem 9, the symmetric part of the tensor square of the
representation Eg is A1g ⊕Eg, where A1g acts in the linear space of matrices
(28) with b = c = d = 0, and Eg acts in the space with a = d = 0. The
skew-symmetric part of the above tensor square is A2g and acts in the space
with a = b = c = 0. The restrictions of the representations Eg and A2g
to the subgroups H0 = O × Zc2 and H1 = D3 do not contain the trivial
representation of these groups, therefore ci = 0 and Ai satisfy b = c = d = 0
on (Rˆ3/O × Zc2)m, 0 ≤ m ≤ 1. The restriction of the representation Eg
to the subgroup H2 = D4 contains the trivial representation of H2, while
that of the representation A2g does not contain the trivial representation of
H2. Therefore Ai are symmetric in f−(p). Finally, the restrictions of the
representations Eg and A2g to the subgroups H3 = D2, H4 = Z˜2, H5 = Z2,
and H6 = {E} contain the trivial representation of these groups. By [1,
Table 35.10], the representation g 7→ g of the group O × Zc2 is T1u. The
group O × Zc2 is the union of the sets Gn, 1 ≤ n ≤ 6 as follows:
G1 = {E,C2x, C2y, C2z, i, σx, σy, σz},
G2 = {C+4z, C−4z, C ′2a, C ′2b, S−4z, S+4z, σd1, σd2},
G3 = {C+31, C+32, C+33, C+34, S−61, S−62, S−63, S−64},
G4 = {C+31, C+32, C+33, C+34, S+61, S+62, S+63, S+64},
G5 = {C+4x, C−4x, C ′2d, C ′2f , S−4x, S+4x, σd4, σd6},
G6 = {C+4y, C−4y, C ′2c, C ′2e, S−4y, S+4y, σd3, σd5}.
The representation Eg maps the elements of the set Gn to the matrix gn, and
the sum
1
8
∑
g∈Gn
exp[i((A2u ⊕ E1u)(g)p, z)]
is equal to jn(p, z). Under the action of the representation Eg all cj become
gicj, the vectors (b, c)> become gi(b, c)>, all Aj become giAjg−1i .
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To prove the last part of each theorem, we first observe that any homo-
geneous random field C(x) may be written as
C(x) = 〈C(x)〉+ [C(x)− 〈C(x)〉].
The first term in the right hand side is the same as that in the spectral
expansions in Theorems 1–16. The second term is centred and has the same
two-point correlation tensor as C(x) has. Assume that the above tensor has
the form
〈C(x),C(y)〉 =
∫
Λ
u(x, λ)u(y, λ) dF (λ), (35)
where Λ is a set, and where F is a measure on a σ-field L of subsets of Λ
taking values in the set of Hermitian nonnegative-definite operators on VC.
Let Φ be the following measure:
Φ(A) := trF (A), A ∈ L.
Assume that the set {u(x, λ) : x ∈ R3 } is total in the Hilbert space L2(Λ,Φ)
of the measurable complex-valued functions on Λ that are square-integrable
with respect to the measure Φ, that is, the set of finite linear combinations∑
cnu(xn, λ) is dense in the above space. By Karhunen’s theorem [21], the
field C(x) has the following spectral expansion:
C(x) =
∫
Λ
u(x, λ) dZ(λ),
where Z is a measure on the measurable space (Λ,L) taking values in the
Hilbert space of random tensors Z : Ω→ VC with E[Z] = 0 and E[‖Z‖2] <∞.
The measure F is the control measure of the measure Z, i.e.,
E[JZ(A)Z>(B)] = Φ(A ∩B), A,B ∈ L,
where J is the real structure in the space VC: J(v + iw) = v − iw.
We illustrate the use of Kahrunen’s theorem in Theorem 1. The two-point
correlation tensor of the random field C(x) has the form (35), where Λ is the
union Zc2\Eˆ1 ∪ Zc2\Eˆ2 of two copies of the space Zc2\Eˆ and
u(x,p) =
{
cos(p,x), if p ∈ Zc2\Eˆ1,
sin(p,x), if p ∈ Zc2\Eˆ2.
93
This follows from the elementary formula cos(p,y−x) = cos(p,x) cos(p,y)+
sin(p,x) sin(p,y). Similar considerations are applicable in Theorems 3, 5–13,
and 15, where the group K is discrete.
In Theorems 2 and 16, where K = O(3), we represent the plane wave
ei(p,y−x) in the form u(x, λ)u(y, λ), using the real version of the Rayleigh
expansion (33). We see that Λ is the union of countably many copies of the
half-line [0,∞) enumerated by the pairs of integers (`,m) with ` ≥ 0 and
−` ≤ m ≤ `, and the function u(y, λ) has the form
u(y, λm` ) = 2
√
pii`j`(λ
m
` ρ)S
m
` (θy, ϕy).
Similarly, in Theorems 4 and 14, where K = O(2) × Zc2, we use the
Jacobi–Anger expansion
ei(p,y) = J0(λρ) + 2
∞∑
`=1
i`J`(λρ)(cos(`ϕp) cos(`ϕy) + sin(`ϕp) sin(`ϕy)),
where J` are the Bessel functions of the first kind, (ρ, ϕy) are the polar
coordinates of the point y ∈ R2, and (λ, ϕp) are those of the point p ∈ Rˆ2.
The set Λ becomes the union of countably many copies of the half-line [0,∞)
enumerated by integers.
Note that the random fields C(x) and eiϕC(x) have the same two-point
correlation tensor. Using this freedom, we can always force the random
measure Z to become V-valued rather than VC-valued.
7 Conclusions
Hooke’s law describes the physical phenomenon of elasticity and belongs to
the family of linear constitutive laws, see [28]. A physical quantity is a tensor
of rank p over V , that is, an element of the space V ⊗p. Usually, physical
quantities have symmetries. To describe symmetries mathematically, con-
sider a subgroup Σ of the symmetric group Σp on p symbols. Let τ be linear
operator acting from V p to V ⊗p by
τ(x1, . . . ,xp) = x1 ⊗ · · · ⊗ xp.
The group Σ acts linearly on τ(V p) by permuting the positions of the factors
in the tensor product:
σ · (x1 ⊗ · · · ⊗ xp) = xσ−1(1) ⊗ · · · ⊗ xσ−1(p).
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This action can be extended by linearity to V ⊗p. Define the linear operator
PΣ : V
⊗p → V ⊗p by
PΣT =
1
|Σ|
∑
σ∈Σ
σ · T,
where |Σ| is the number of elements in Σ. The range of the operator PΣ
is called the state tensor space. A linear constitutive law C is a linear map
between two state tensor spaces, say V1 and V2. It may be identified with
an element of the tensor product V1 ⊗ V2, because the state tensor spaces
inherit the Euclidean metric from V .
A linear constitutive law C describes proper physics or a single physical
phenomenon if V1 = V2 and C is symmetric. Otherwise, C describes coupled
physics, or a coupling between two different physics.
For example, Hooke’s law corresponds to the case when V1 = V2 =
PΣ2V
⊗2 and C is symmetric. It describes the single physical phenomenon,
elasticity. On the other hand, the photoelasticity tensor is a general linear
map C : PΣ2V ⊗2 → PΣ2V ⊗2. It couples two different physics and maps the
space of strain tensors to the space of the increments of dielectric tensors, see
[8]. The piezoelectricity tensor maps the space PΣ2V ⊗2 of strain tensors to
the space V of electric displacement vectors and couples two different physics,
see [9].
In general, a linear constitutive law is an element of a subspace of the
tensor product V ⊗(p+q), where p (resp. q) is the rank of tensors in the first
(resp. second) state tensor space. Denote by U the restriction of the repres-
entation g 7→ g⊗(p+q) to the above subspace. Consider U as a group action.
The orbit types of this action are called the classes of the phenomenon under
consideration (e.g., photoelasticity classes, piezoelectricity classes and so on).
All symmetry classes of all possible linear constitutive laws were described
in [28, 29].
For each class, one can consider its fixed point set VH ⊂ V ⊗(p+q), a
group K with H ⊆ K ⊆ N(H), and the restriction U of the representation
g 7→ g⊗(p+q) of the group K to VH . Calculating the general form of the one-
point and two-point correlation tensors of the corresponding homogeneous
and (K,U)-isotropic random field and the spectral expansion of the field in
terms of stochastic integrals with respect to orthogonal scattered random
measures is an interesting research question.
The part of the above question concerning the one-point correlation tensor
is almost trivial: it is any tensor lying in the direct sum of all one-dimensional
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subspaces of VH where the copies of the trivial representations of K live. To
find the general form of the two-point correlation tensor, we need to describe
all measurable functions that map Vˆ to the set of all Hermitian nonnegative-
definite operators on the complexification of the space VH satisfying the
following conditions:
f(gp) = (U ⊗ U)(g)f(p), g ∈ K,
f(gp) = V (g)f(p), g ∈ Zc2.
(36)
The first condition easily follows from the very definition of the (K,U)-
isotropic random field. It is well known that if the random field under consid-
eration takes values in VH , then f(−p) = f(p)>. This condition is equivalent
to the second condition in (36), where V is the direct sum of dim S2(VH) cop-
ies of the trivial representation Ag of the group Zc2 and dim Λ2(VH) copies of
its non-trivial representation Au.
Consider the three possible cases.
1. K is a subgroup of the group SO(3). In this case (36) is equivalent to
the following condition:
f(gp) = [S2(U)⊗ Ag ⊕ Λ2(U)⊗ Au](g)f(p), g ∈ K × Zc2.
2. K is a subgroup of O(3) containing −I. As we have seen in proof of
Theorem 0, (36) is equivalent to
f(gp) = S2(U)(g)f(p), g ∈ K.
3. K is neither a subgroup of the group SO(3) nor contains −I. Both
conditions in (36) must be treated separately.
An example of the second case has been considered here. The remaining
cases will be treated elsewhere.
There are two principal uses of the results obtained here. The first one
is to model and simulate any statistically wide-sense homogeneous and iso-
tropic, linear hyperelastic, random medium. One example is a polycrystal
made of grains belonging to a specific crystal class, while another example is
a mesoscale continuum defined through upscaling of a random material on
scales smaller than the RVE; if the upscaling is conducted on the RVE level,
there is no spatial randomness and the continuum model is deterministic.
Here one would proceed in the following steps:
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• for a given microstructure, determine the one- and two-point statistics
using some experimental and/or image-based computational methods;
• calibrate the entire correlation structure of the elasticity TRF;
• simulate the realisations of this TRF.
The second application of our results is their use as input of a random
mesoscale continuum (Fig. 1(c)) into stochastic field equations such as SPDEs
and SFEs.
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